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Clustering problem
Let us start with the formal setting of the clustering problem. We shall use
the following notation:

X – unit
X – description of unit X
U – space of units
U – finite set of units, U ⊂ U
C – cluster, ∅ ⊂ C ⊆ U
C – clustering, C = {Ci}
Φ – set of feasible clusterings
P – criterion function,

P : Φ→ R+
0
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. . . Clustering problem

With these notions we can express the clustering problem (Φ, P ) as follows:

Determine the clustering C? ∈ Φ for which

P (C?) = min
C∈Φ

P (C)

Since the set of units U is finite, the set of feasible clusterings is also
finite. Therefore the set Min(Φ, P ) of all solutions of the problem (optimal
clusterings) is not empty. (In theory) the set Min(Φ, P ) can be determined
by the complete search.

We shall denote the value of criterion function for an optimal clustering by
min(Φ, P ).
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Clusterings

Generally the clusters of clustering C = {C1, C2, . . . , Ck} need not to be
pairwise disjoint; yet, the clustering theory and practice mainly deal with
clusterings which are the partitions of U

k⋃
i=1

Ci = U

i 6= j ⇒ Ci ∩ Cj = ∅

Each partition determines an equivalence relation in U , and vice versa.

We shall denote the set of all partitions of U into k classes (clusters) by
Πk(U).
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Simple criterion functions

Joining the individual units into a cluster C we make a certain ”error”, we
create certain ”tension” among them – we denote this quantity by p(C).
The criterion function P (C) combines these ”partial/local errors” into a
”global error”.

Usually it takes the form:

S. P (C) =
∑
C∈C

p(C) or M. P (C) = max
C∈C

p(C)

For simple criterion functions usually min(Πk+1U), P ) ≤ min(Πk(U), P )
— we fix the value of k and set Φ ⊆ Πk(U).
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Cluster-error function / dissimilarities

The cluster-error p(C) has usually the properties:

p(C) ≥ 0 and ∀X ∈ U : p({X}) = 0

In the continuation we shall assume that these properties of p(C) hold.

To express the cluster-error p(C) we define on the space of units a
dissimilarity d : U × U → R+

0 for which we require D1 and D2:

D1. ∀X ∈ U : d(X,X) = 0

D2. symmetric: ∀X,Y ∈ U : d(X,Y) = d(Y,X)

Usually the dissimilarity d is defined using another dissimilarity δ :
[U ]× [U ]→ R+

0 as
d(X,Y) = δ([X], [Y])
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Cluster-error function / examples
Now we can define several cluster-error functions:

S. p(C) =
∑

X,Y∈C,X<Y

w(X) · w(Y) · d(X,Y)

S. p(C) =
1

w(C)

∑
X,Y∈C,X<Y

w(X) · w(Y) · d(X,Y)

where w : U → R+ is a weight of units, which is extended to clusters by:

w({X}) = w(X), X ∈ U

w(C1 ∪ C2) = w(C1) + w(C2), C1 ∩ C2 = ∅

Often w(X) = 1 holds for each X ∈ U . Then w(C) = card(()C).

M. p(C) = max
X,Y∈C

d(X,Y) = diam(C) – diameter

T. p(C) = min
T is a spanning tree over C

∑
(X:Y)∈T

d(X,Y)
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Matrix rearrangement view on blockmodeling
Snyder & Kick’s World trade network / n = 118, m = 514

Pajek - shadow 0.00,1.00 Sep- 5-1998
World trade - alphabetic order
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Alphabetic order of countries (left) and rearrangement (right)

ECPR Summer School, Ljubljana, July 30 – August 16, 2008 s s y s l s y ss * 6



V. Batagelj: Network Analysis / Clustering and Blockmodeling 8'

&

$

%

Ordering the matrix

There are several ways how to rearrange a given matrix – determine an
ordering or permutation of its rows and columns – to get some insight into
its structure:

• ordering by degree;

• ordering by connected components;

• ordering by core number, connected components inside core levels, and
degree;

• ordering according to a hierarchical clustering and some other property.

There exists also some special procedures to determine the ordering such
as seriation and clumping (Murtagh) or RCM – Reverse Cuthill-McKee
algorithm.
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Blockmodeling as a clustering problem

The goal of blockmodeling is to reduce
a large, potentially incoherent network
to a smaller comprehensible structure
that can be interpreted more readily.
Blockmodeling, as an empirical proce-
dure, is based on the idea that units in
a network can be grouped according to
the extent to which they are equivalent,
according to some meaningful defini-
tion of equivalence.
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Cluster, clustering, blocks

One of the main procedural goals of blockmodeling is to identify, in a given
network N = (U , R), R ⊆ U × U , clusters (classes) of units that share
structural characteristics defined in terms of R. The units within a cluster
have the same or similar connection patterns to other units. They form a
clustering C = {C1, C2, . . . , Ck} which is a partition of the set U . Each
partition determines an equivalence relation (and vice versa). Let us denote
by ∼ the relation determined by partition C.

A clustering C partitions also the relation R into blocks

R(Ci, Cj) = R ∩ Ci × Cj

Each such block consists of units belonging to clusters Ci and Cj and all
arcs leading from cluster Ci to cluster Cj . If i = j, a block R(Ci, Ci) is
called a diagonal block.
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Structural and regular equivalence

Regardless of the definition of equivalence used, there are two basic
approaches to the equivalence of units in a given network (compare Faust,
1988):

• the equivalent units have the same connection pattern to the same
neighbors;

• the equivalent units have the same or similar connection pattern to
(possibly) different neighbors.

The first type of equivalence is formalized by the notion of structural
equivalence and the second by the notion of regular equivalence with the
latter a generalization of the former.
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Structural equivalence

Units are equivalent if they are connected to the rest of the network in
identical ways (Lorrain and White, 1971). Such units are said to be
structurally equivalent.

The units X and Y are structurally equivalent, we write X ≡ Y, iff the
permutation (transposition) π = (X Y) is an automorphism of the relation
R (Borgatti and Everett, 1992).

In other words, X and Y are structurally equivalent iff:

s1. XRY ⇔ YRX s3. ∀Z ∈ U \ {X,Y} : (XRZ⇔ YRZ)
s2. XRX⇔ YRY s4. ∀Z ∈ U \ {X,Y} : (ZRX⇔ ZRY)
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. . . structural equivalence

The blocks for structural equivalence are null or complete with variations
on diagonal in diagonal blocks.
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Regular equivalence

Integral to all attempts to generalize structural equivalence is the idea that
units are equivalent if they link in equivalent ways to other units that are
also equivalent.

White and Reitz (1983): The equivalence relation ≈ on U is a regular
equivalence on network N = (U , R) if and only if for all X,Y,Z ∈ U ,
X ≈ Y implies both

R1. XRZ⇒ ∃W ∈ U : (YRW ∧W ≈ Z)
R2. ZRX⇒ ∃W ∈ U : (WRY ∧W ≈ Z)

Another view of regular equivalence is based on colorings (Everett, Borgatti
1996): regular equivalent vertices are of the same color and have the same
set of colors in their neighborhoods.
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. . . regular equivalence

Theorem 1 (Batagelj, Doreian, Ferligoj, 1992) Let C = {Ci} be a
partition corresponding to a regular equivalence ≈ on the network N =
(U , R). Then each block R(Cu, Cv) is either null or it has the property
that there is at least one 1 in each of its rows and in each of its columns.
Conversely, if for a given clustering C, each block has this property then
the corresponding equivalence relation is a regular equivalence.

The blocks for regular equivalence are null or 1-covered blocks.
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Establishing Blockmodels

The problem of establishing a partition of units in a network in terms of a
selected type of equivalence is a special case of clustering problem (Φ, P ):

Determine the clustering C? ∈ Φ for which

P (C?) = min
C∈Φ

P (C)

where Φ is the set of feasible clusterings and P is a criterion function.

Criterion functions can be constructed

• indirectly as a function of a compatible (dis)similarity measure between
pairs of units, or

• directly as a function measuring the fit of a clustering to an ideal
one with perfect relations within each cluster and between clusters
according to the considered types of connections (equivalence).
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Indirect Approach

−→
−→

−−−−→
−→

R

Q

D

hierarchical algorithms,

relocation algorithm, leader algorithm, etc.

RELATION

DESCRIPTIONS
OF UNITS

original relation

path matrix

triads
orbits

DISSIMILARITY
MATRIX

STANDARD
CLUSTERING
ALGORITHMS
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Dissimilarities

The property t : U → R is structural property if, for every automorphism
ϕ, of the relation R, and every unit x ∈ U , it holds that t(x) = t(ϕ(x)).
Some examples of a structural property include

t(u) = the degree of unit u;
t(u) = number of units at distance d from the unit u;
t(u) = number of triads of type x at the unit u.

Centrality measures are further examples of structural properties.

We can define the description of the unit u as [u] = [t1(u), t2(u), . . . , tm(u)].
As a simple example, t1 could be degree centrality, t2 could be closeness
centrality and t3 could be betweenness centrality. The dissimilarity between
units u and v could be defined as d(u, v) = D([u], [v]) where D is some
(standard) dissimilarity between real vectors. In the simple example, D
could be the Euclidean distance between the centrality profiles.
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Dissimilarities based on matrices

We consider the following list of dissimilarities between units xi and xj
where the description of the unit consists of the row and column of the
property matrix Q = [qij ]. We take as units the rows of the matrix

X = [QQT ]
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. . . Dissimilarities

Manhattan distance: dm(xi, xj) =
n∑
s=1

(|qis − qjs|+ |qsi − qsj |)

Euclidean distance:

dE(xi, xj) =

√√√√ n∑
s=1

((qis − qjs)2 + (qsi − qsj)2)

Truncated Manhattan distance: ds(xi, xj) =
n∑

s=1
s 6=i,j

(|qis− qjs|+ |qsi− qsj |)

Truncated Euclidean distance (Faust, 1988):

dS(xi, xj) =

√√√√√ n∑
s=1

s 6=i,j

((qis − qjs)2 + (qsi − qsj)2)

ECPR Summer School, Ljubljana, July 30 – August 16, 2008 s s y s l s y ss * 6



V. Batagelj: Network Analysis / Clustering and Blockmodeling 21'

&

$

%

. . . Dissimilarities

Corrected Manhattan-like dissimilarity (p ≥ 0):

dc(p)(xi, xj) = ds(xi, xj) + p · (|qii − qjj |+ |qij − qji|)

Corrected Euclidean-like dissimilarity (Burt and Minor, 1983):

de(p)(xi, xj) =
√
dS(xi, xj)2 + p · ((qii − qjj)2 + (qij − qji)2)

Corrected dissimilarity:

dC(p)(xi, xj) =
√
dc(p)(xi, xj)

The parameter, p, can take any positive value. Typically, p = 1 or p = 2,
where these values count the number of times the corresponding diagonal
pairs are counted.
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. . . Dissimilarities
It is easy to verify that all expressions from the list define a dissimilarity
(i.e. that d(x, y) ≥ 0; d(x, x) = 0; and d(x, y) = d(y, x)). Each of the
dissimilarities from the list can be assessed to see whether or not it is also a
distance: d(x, y) = 0⇒ x = y and d(x, y) + d(y, z) ≥ d(x, z).

The dissimilarity measure d is compatible with a considered equivalence ∼
if for each pair of units holds

Xi ∼ Xj ⇔ d(Xi, Xj) = 0

Not all dissimilarity measures typically used are compatible with structural
equivalence. For example, the corrected Euclidean-like dissimilarity is
compatible with structural equivalence.

The indirect clustering approach does not seem suitable for establishing
clusterings in terms of regular equivalence since there is no evident way
how to construct a compatible (dis)similarity measure.
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Example: Support network among informatics students

The analyzed network consists of social support exchange relation among
fifteen students of the Social Science Informatics fourth year class
(2002/2003) at the Faculty of Social Sciences, University of Ljubljana.
Interviews were conducted in October 2002.

Support relation among students was identified by the following question:

Introduction: You have done several exams since you are in the
second class now. Students usually borrow studying material from
their colleagues.

Enumerate (list) the names of your colleagues that you have most
often borrowed studying material from. (The number of listed
persons is not limited.)
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Class network

b02

b03

g07

g09

g10

g12

g22 g24

g28

g42

b51

g63

b85

b89

b96

class.net

Vertices represent students
in the class; circles – girls,
squares – boys. Opposite
pairs of arcs are replaced by
edges.
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Indirect approach
Pajek - Ward [0.00,7.81]

 b51       

 b89       

 b02       

 b96       

 b03       

 b85       

 g10       

 g24       

 g09       

 g63       

 g12       

 g07       

 g28       

 g22       

 g42       

Using Corrected Euclidean-like
dissimilarity and Ward clustering
method we obtain the following
dendrogram.
From it we can determine the num-
ber of clusters: ’Natural’ cluster-
ings correspond to clear ’jumps’ in
the dendrogram.
If we select 3 clusters we get the
partition C.

C = {{b51, b89, b02, b96, b03, b85, g10, g24},
{g09, g63, g12}, {g07, g28, g22, g42}}
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Partition in 3 clusters

b02

b03

g07

g09

g10

g12

g22 g24

g28

g42

b51

g63

b85

b89

b96

On the picture, ver-
tices in the same
cluster are of the
same color.
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Matrix
Pajek - shadow [0.00,1.00]

b02

b03

g10

g24                     C1

b51

b85

b89

b96

g07

g22                     C2

g28

g42

g09

g12                     C3

g63

b0
2

b0
3

g1
0

g2
4 

   
  C

1

b5
1

b8
5

b8
9

b9
6

g0
7

g2
2 

   
  C

2

g2
8

g4
2

g0
9

g1
2 

   
  C

3

g6
3

The partition can be used
also to reorder rows and
columns of the matrix repre-
senting the network. Clus-
ters are divided using blue
vertical and horizontal lines.
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Direct Approach and Generalized
Blockmodeling

The second possibility for solving the blockmodeling problem is to construct
an appropriate criterion function directly and then use a local optimization
algorithm to obtain a ‘good’ clustering solution.

Criterion function P (C) has to be sensitive to considered equivalence:

P (C) = 0⇔ C defines considered equivalence.
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Generalized Blockmodeling
A blockmodel consists of structures ob-
tained by identifying all units from the
same cluster of the clustering C. For
an exact definition of a blockmodel we
have to be precise also about which
blocks produce an arc in the reduced
graph and which do not, and of what
type. Some types of connections are
presented in the figure on the next slide.
The reduced graph can be represented
by relational matrix, called also image
matrix.
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Block Types
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Generalized equivalence / Block Types

Y
1 1 1 1 1

X 1 1 1 1 1
1 1 1 1 1
1 1 1 1 1
complete

Y
0 1 0 0 0

X 1 1 1 1 1
0 0 0 0 0
0 0 0 1 0

row-dominant

Y
0 0 1 0 0

X 0 0 1 1 0
1 1 1 0 0
0 0 1 0 1

col-dominant

Y
0 1 0 0 0

X 1 0 1 1 0
0 0 1 0 1
1 1 0 0 0

regular

Y
0 1 0 0 0

X 0 1 1 0 0
1 0 1 0 0
0 1 0 0 1

row-regular

Y
0 1 0 1 0

X 1 0 1 0 0
1 1 0 1 1
0 0 0 0 0
col-regular

Y
0 0 0 0 0

X 0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

null

Y
0 0 0 1 0

X 0 0 1 0 0
1 0 0 0 0
0 0 0 1 0

row-functional

Y
1 0 0 0
0 1 0 0

X 0 0 1 0
0 0 0 0
0 0 0 1

col-functional
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Characterizations of Types of Blocks
null nul all 0 ∗

complete com all 1 ∗

regular reg 1-covered rows and columns

row-regular rre each row is 1-covered

col-regular cre each column is 1 -covered

row-dominant rdo ∃ all 1 row ∗

col-dominant cdo ∃ all 1 column ∗

row-functional rfn ∃! one 1 in each row

col-functional cfn ∃! one 1 in each column

non-null one ∃ at least one 1
∗ except this may be diagonal

A block is symmetric iff ∀X,Y ∈ Ci × Cj : (XRY ⇔ YRX).

ECPR Summer School, Ljubljana, July 30 – August 16, 2008 s s y s l s y ss * 6



V. Batagelj: Network Analysis / Clustering and Blockmodeling 33'

&

$

%

Block Types and Matrices

1 1 1 1 1 1 0 0

1 1 1 1 0 1 0 1

1 1 1 1 0 0 1 0

1 1 1 1 1 0 0 0

0 0 0 0 0 1 1 1

0 0 0 0 1 0 1 1

0 0 0 0 1 1 0 1

0 0 0 0 1 1 1 0

C1 C2

C1 complete regular

C2 null complete
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Formalization of blockmodeling

Let V be a set of positions or images of clusters of units. Let µ : U → V

denote a mapping which maps each unit to its position. The cluster of units
C(t) with the same position t ∈ V is

C(t) = µ−1(t) = {X ∈ U : µ(X) = t}

Therefore
C(µ) = {C(t) : t ∈ V }

is a partition (clustering) of the set of units U .
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Blockmodel

A blockmodel is an ordered sextupleM = (V,K, T , Q, π, α) where:

• V is a set of types of units (images or representatives of classes);

• K ⊆ V × V is a set of connections;

• T is a set of predicates used to describe the types of connections
between different classes (clusters, groups, types of units) in a network.
We assume that nul ∈ T . A mapping π : K → T \ {nul} assigns
predicates to connections;

• Q is a set of averaging rules. A mapping α : K → Q determines rules
for computing values of connections.

A (surjective) mapping µ : U → V determines a blockmodelM of network
N iff it satisfies the conditions: ∀(t, w) ∈ K : π(t, w)(C(t), C(w)) and
∀(t, w) ∈ V × V \K : nul(C(t), C(w)) .
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Equivalences

Let ∼ be an equivalence relation over U and [X] = {Y ∈ U : X ∼ Y}. We
say that ∼ is compatible with T over a network N iff

∀X,Y ∈ U∃T ∈ T : T ([X], [Y]).

It is easy to verify that the notion of compatibility for T = {nul, reg}
reduces to the usual definition of regular equivalence (White and Reitz
1983). Similarly, compatibility for T = {nul, com} reduces to structural
equivalence (Lorrain and White 1971).

For a compatible equivalence ∼ the mapping µ: X 7→ [X] determines a
blockmodel with V = U/ ∼.

The problem of establishing a partition of units in a network in terms of a
selected type of equivalence is a special case of clustering problem that
can be formulated as an optimization problem.
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Criterion function

One of the possible ways of constructing a criterion function that directly
reflects the considered equivalence is to measure the fit of a clustering to
an ideal one with perfect relations within each cluster and between clusters
according to the considered equivalence.

Given a clustering C = {C1, C2, . . . , Ck}, let B(Cu, Cv) denote the set of
all ideal blocks corresponding to block R(Cu, Cv). Then the global error of
clustering C can be expressed as

P (C) =
∑

Cu,Cv∈C

min
B∈B(Cu,Cv)

d(R(Cu, Cv), B)

where the term d(R(Cu, Cv), B) measures the difference (error) between
the block R(Cu, Cv) and the ideal block B. d is constructed on the basis of
characterizations of types of blocks. The function d has to be compatible
with the selected type of equivalence.
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. . . criterion function

For example, for structural equivalence, the term d(R(Cu, Cv), B) can be
expressed, for non-diagonal blocks, as

d(R(Cu, Cv), B) =
∑

X∈Cu,Y∈Cv

|rX Y − bX Y|.

where rX Y is the observed tie and bX Y is the corresponding value in an
ideal block. This criterion function counts the number of 1s in erstwhile
null blocks and the number of 0s in otherwise complete blocks. These two
types of inconsistencies can be weighted differently.

Determining the block error, we also determine the type of the best fitting
ideal block (the types are ordered).

The criterion function P (C) is sensitive iff P (C) = 0 ⇔ µ (determined
by C) is an exact blockmodeling. For all presented block types sensitive
criterion functions can be constructed (Batagelj, 1997).
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Deviations Measures for Types of Blocks
We can efficiently test whether a block R(X,Y ) is of the type T by
making use of the characterizations of block types. On this basis we can
construct the corresponding deviation measures. The quantities used in the
expressions for deviations have the following meaning:

st – total block sum = # of 1s in a block,
nr = card(X) – # of rows in a block,
nc = card(Y )– # of columns in a block,
pr – # of non-null rows in a block,
pc – # of non-null columns in a block,
mr – maximal row-sum,
mc – maximal column-sum,
sd – diagonal block sum = # of 1s on a diagonal,
d – diagonal error = min(sd, nr − sd).

Throughout the number of elements in a block is nrnc.
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. . . Deviations Measures for Types of Blocks
Connection δ(X,Y ;T )

null { st nondiagonal
st + d− sd diagonal

complete { nrnc − st nondiagonal
nrnc − st + d+ sd − nr diagonal

row-dominant { (nc −mr − 1)nr diagonal,sd = 0
(nc −mr)nr otherwise

col-dominant { (nr −mc − 1)nc diagonal,sd = 0
(nr −mc)nc otherwise

row-regular (nr − pr)nc

col-regular (nc − pc)nr

regular (nc − pc)nr + (nr − pr)pc

row-functional st − pr + (nr − pr)nc

col-functional st − pc + (nc − pc)nr

density γ max(0, γnrnc − st)

For the null, complete, row-dominant and column-dominant blocks it is necessary

to distinguish diagonal blocks and non-diagonal blocks.
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Solving the blockmodeling problem

The obtained optimization problem can be solved by local optimization.

Once a partitioning µ and types of connection π are determined, we can
also compute the values of connections by using averaging rules.
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Benefits from Optimization Approach
• ordinary / inductive blockmodeling: Given a network N and set of

types of connection T , determine the modelM;

• evaluation of the quality of a model, comparing different models,
analyzing the evolution of a network (Sampson data, Doreian and
Mrvar 1996): Given a network N , a modelM, and blockmodeling µ,
compute the corresponding criterion function;

• model fitting / deductive blockmodeling: Given a network N , set of
types T , and a family of models, determine µ which minimizes the
criterion function (Batagelj, Ferligoj, Doreian, 1998).

• we can fit the network to a partial model and analyze the residual
afterward;

• we can also introduce different constraints on the model, for example:
units X and Y are of the same type; or, types of units X and Y are not
connected; . . .
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Pre-specified blockmodeling
In the previous slides the inductive approaches for establishing blockmodels
for a set of social relations defined over a set of units were discussed.
Some form of equivalence is specified and clusterings are sought that are
consistent with a specified equivalence.

Another view of blockmodeling is deductive in the sense of starting with a
blockmodel that is specified in terms of substance prior to an analysis.

In this case given a network, set of types of ideal blocks, and a reduced
model, a solution (a clustering) can be determined which minimizes the
criterion function.
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Pre-Specified Blockmodels

The pre-specified blockmodeling starts with a blockmodel specified, in
terms of substance, prior to an analysis. Given a network, a set of ideal
blocks is selected, a family of reduced models is formulated, and partitions
are established by minimizing the criterion function.

The basic types of models are:

* *

* 0

* 0

* *

* 0

0 *

0 *

* 0

center - hierarchy clustering bipartition

periphery
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Prespecified blockmodeling example

We expect that center-periphery model exists in the network: some students
having good studying material, some not.

Prespecified blockmodel: (com/complete, reg/regular, -/null block)

1 2

1 [com reg] -

2 [com reg] -

Using local optimization we get the partition:

C = {{b02, b03, b51, b85, b89, b96, g09},

{g07, g10, g12, g22, g24, g28, g42, g63}}
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2 clusters solution

b02

b03

g07

g09

g10

g12

g22 g24

g28

g42

b51

g63

b85

b89

b96
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Model
Pajek - shadow [0.00,1.00]

g07

g10

g12

g22

g24

g28

g42

g63

b85

b02

b03

g09

b51

b89

b96

g0
7

g1
0

g1
2

g2
2

g2
4

g2
8

g4
2

g6
3

b8
5

b0
2

b0
3

g0
9

b5
1

b8
9

b9
6

Image and Error Matrices:

1 2

1 reg -

2 reg -

1 2

1 0 3

2 0 2

Total error = 5
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The Student Government at the University of Ljubljana in
1992

The relation is determined by the following question (Hlebec, 1993):

Of the members and advisors of the Student Government, whom
do you most often talk with about the matters of the Student
Government?

m p m m m m m m a a a
1 2 3 4 5 6 7 8 9 10 11

minister 1 1 · 1 1 · · 1 · · · · ·
p.minister 2 · · · · · · · 1 · · ·
minister 2 3 1 1 · 1 · 1 1 1 · · ·
minister 3 4 · · · · · · 1 1 · · ·
minister 4 5 · 1 · 1 · 1 1 1 · · ·
minister 5 6 · 1 · 1 1 · 1 1 · · ·
minister 6 7 · · · 1 · · · 1 1 · 1
minister 7 8 · 1 · 1 · · 1 · · · 1
adviser 1 9 · · · 1 · · 1 1 · · 1
adviser 2 10 1 · 1 1 1 · · · · · ·
adviser 3 11 · · · · · 1 · 1 1 · ·

minister1

pminister

minister2

minister3

minister4

minister5

minister6

minister7

advisor1

advisor2

advisor3
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A Symmetric Acyclic Blockmodel of Student Government

The obtained clustering in 4
clusters is almost exact. The
only error is produced by the
arc (a3,m5).
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Football
Pajek - shadow [0.00,1.00]

CAM
CRI
HRV
KOR
NIG
POL
PRY
SEN
SLO
TUN
URU
USA
ZAF
ARG
BEL
CHN
ECU
JPN
RUS
SDA
TUR
BRA
MEX
PRT
IRL
DNK
SWE
DEU
ENG
FRA
ESP
ITA
AUT
BGR
CHE
CHI
CZE
GRC
ISR
MAR
NLD
NOR
SCO
YUG

C
A

M
C
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G

The player’s market of the Fifa
Football Worldchampionship 2002
(Japan/Korea).
The data, collected by L. Krem-
pel, describe the 733 players of all
32 participating national teams and
the clubs and countries where each
of these players have contracts.
For acyclic (below diagonal blocks
are zero-blocks) regular block-
model we get a solution with 8
clusters and Error = 30
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Demo with Pajek
Read Network Tina.net

Net/Transform/Arcs-->Edges/Bidirected Only/Max

Draw/Draw

Layout/Energy/Kamada-Kawai/Free

Operations/Blockmodeling/Restricted Options [On]

Operations/Blockmodeling/Random Start

[4, Ranks.MDL], [Repetitions, 100], [Clusters, 4], [RUN]

extend the dialog box to see the model

Draw/Draw-Partition
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Blockmodeling in 2-mode networks
We already presented some ways of rearranging 2-mode network matrices
at the beginning of this lecture.

It is also possible to formulate this goal as a generalized blockmodeling
problem where the solutions consist of two partitions — row-partition and
column-partition.
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Supreme Court Voting for Twenty-Six Important Decisions
Issue Label Br Gi So St OC Ke Re Sc Th
Presidential Election PE - - - - + + + + +

Criminal Law Cases
Illegal Search 1 CL1 + + + + + + - - -
Illegal Search 2 CL2 + + + + + + - - -
Illegal Search 3 CL3 + + + - - - - + +
Seat Belts CL4 - - + - - + + + +
Stay of Execution CL5 + + + + + + - - -

Federal Authority Cases
Federalism FA1 - - - - + + + + +
Clean Air Action FA2 + + + + + + + + +
Clean Water FA3 - - - - + + + + +
Cannabis for Health FA4 0 + + + + + + + +
United Foods FA5 - - + + - + + + +
NY Times Copyrights FA6 - + + - + + + + +

Civil Rights Cases
Voting Rights CR1 + + + + + - - - -
Title VI Disabilities CR2 - - - - + + + + +
PGA v. Handicapped Player CR3 + + + + + + + - -

Immigration Law Cases
Immigration Jurisdiction Im1 + + + + - + - - -
Deporting Criminal Aliens Im2 + + + + + - - - -
Detaining Criminal Aliens Im3 + + + + - + - - -
Citizenship Im4 - - - + - + + + +

Speech and Press Cases
Legal Aid for Poor SP1 + + + + - + - - -
Privacy SP2 + + + + + + - - -
Free Speech SP3 + - - - + + + + +
Campaign Finance SP4 + + + + + - - - -
Tobacco Ads SP5 - - - - + + + + +

Labor and Property Rights Cases
Labor Rights LPR1 - - - - + + + + +
Property Rights LPR2 - - - - + + + + +

The Supreme Court Justices and
their ‘votes’ on a set of 26 “impor-
tant decisions” made during the
2000-2001 term, Doreian and Fu-
jimoto (2002).
The Justices (in the order in
which they joined the Supreme
Court) are: Rehnquist (1972),
Stevens (1975), O’Conner (1981),
Scalia (1982), Kennedy (1988),
Souter (1990), Ginsburg (1993)
and Breyer (1994).
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. . . Supreme Court Voting / a (4,7) partition

P
ajek - shadow
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Souter

Stevens

upper – conservative / lower – liberal
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Signed graphs
A signed graph is an ordered pair (G, σ) where

• G = (V, R) is a directed graph (without loops) with set of vertices V
and set of arcs R ⊆ V × V;

• σ : R→ {p, n} is a sign function. The arcs with the sign p are positive
and the arcs with the sign n are negative. We denote the set of all
positive arcs by R+ and the set of all negative arcs by R−.

The case when the graph is undirected can be reduced to the case of directed
graph by replacing each edge e by a pair of opposite arcs both signed with
the sign of the edge e.
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Balanced and clusterable signed graphs

The signed graphs were introduced in Harary, 1953 and later studied by
several authors. Following Roberts (1976, p. 75–77) a signed graph (G, σ)
is:

• balanced iff the set of vertices V can be partitioned into two subsets
so that every positive arc joins vertices of the same subset and every
negative arc joins vertices of different subsets.

• clusterable iff the set of V can be partitioned into subsets, called
clusters, so that every positive arc joins vertices of the same subset and
every negative arc joins vertices of different subsets.
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. . . Properties

The (semi)walk on the signed graph is positive iff it contains an even
number of negative arcs; otherwise it is negative.

The balanced and clusterable signed graphs are characterised by the
following theorems:

THEOREM 1. A signed graph (G, σ) is balanced iff every closed semiwalk
is positive.

THEOREM 2. A signed graph (G, σ) is clusterable iff G contains no closed
semiwalk with exactly one negative arc.
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Chartrand’s example – graph
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1 2 3 4 5 6 7 8 9

1 0 n 0 0 p 0 0 0 p

2 n 0 p 0 0 0 n 0 0

3 0 p 0 p 0 0 0 0 0

4 0 0 p 0 n 0 n 0 0

5 p 0 0 n 0 p 0 0 0

6 0 0 0 0 p 0 n 0 p

7 0 n 0 n 0 n 0 p 0

8 0 0 0 0 0 0 p 0 n

9 p 0 0 0 0 p 0 n 0

In the figure the graph from Chartarand (1985, p. 181) and its value matrix
are given. The positive edges are drawn with solid lines, and the negative
edges with dotted lines.
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Chartrand’s example – closures
1 2 3 4 5 6 7 8 9

1 a a a a a a a a a

2 a a a a a a a a a

3 a a a a a a a a a

4 a a a a a a a a a

5 a a a a a a a a a

6 a a a a a a a a a

7 a a a a a a a a a

8 a a a a a a a a a

9 a a a a a a a a a

1 2 3 4 5 6 7 8 9
1 p n n n p p n n p
2 n p p p n n n n n

3 n p p p n n n n n

4 n p p p n n n n n

5 p n n n p p n n p
6 p n n n p p n n p
7 n n n n n n p p n

8 n n n n n n p p n

9 p n n n p p n n p

On the left side of the table the corresponding balance-closure is given –
the graph is not balanced. From the cluster-closure on the right side of the
table we can see that the graph is clusterable and it has the clusters

V1 = {1, 5, 6, 9}, V2 = {2, 3, 4}, V3 = {7, 8}
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Clusterability and blockmodeling

To the sign graph clusterability problemu corespond three types of blocks:

• null all elements in a block are 0;

• positive all elements in a block are positive or 0;

• negative all elements in a block are negative or 0;

If a graph is clusterable the blocks determined by the partition are: positive
or null on the diagonal; and negative or null outside the diagonal.

The clusterability of partition C = {C1, C2, . . . , Ck} can be therefore
measured as follows ( 0 ≤ α ≤ 1 ):

Pα(C) = α
∑
C∈C

∑
u,v∈C

max(0,−wuv)+(1−α)
∑

C,C′∈C
C 6=C′

∑
u∈C,v∈C′

max(0, wuv)

The blockmodeling problem can be solved by local optimization.
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Slovenian political parties 1994 (S. Kropivnik)

1 2 3 4 5 6 7 8 9 10
SKD 1 0 -215 114 -89 -77 94 -170 176 117 -210
ZLSD 2 -215 0 -217 134 77 -150 57 -253 -230 49
SDSS 3 114 -217 0 -203 -80 138 -109 177 180 -174
LDS 4 -89 134 -203 0 157 -142 173 -241 -254 23
ZSESS 5 -77 77 -80 157 0 -188 170 -120 -160 -9
ZS 6 94 -150 138 -142 -188 0 -97 140 116 -106
DS 7 -170 57 -109 173 170 -97 0 -184 -191 -6
SLS 8 176 -253 177 -241 -120 140 -184 0 235 -132
SPS-SNS 9 117 -230 180 -254 -160 116 -191 235 0 -164
SNS 10 -210 49 -174 23 -9 -106 -6 -132 -164 0

SKD – Slovene Christian Democrats; ZLSD – Associated List of Social Democrats; SDSS – Social Democratic Party of Slovenia;
LDS – Liberal Democratic Party; ZSESS and ZS – two Green Parties, separated after 1992 elections; DS – Democratic Party;
SLS – Slovene People’s Party; SNS – Slovene National Party; SPS SNS – a group of deputies, former members of SNS, separated after 1992 elections

Network Stranke94.
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Slovenian political parties 1994 / reordered

1 3 6 8 9 2 4 5 7 10
SKD 1 0 114 94 176 117 -215 -89 -77 -170 -210
SDSS 3 114 0 138 177 180 -217 -203 -80 -109 -174
ZS 6 94 138 0 140 116 -150 -142 -188 -97 -106
SLS 8 176 177 140 0 235 -253 -241 -120 -184 -132
SPS-SNS 9 117 180 116 235 0 -230 -254 -160 -191 -164
ZLSD 2 -215 -217 -150 -253 -230 0 134 77 57 49
LDS 4 -89 -203 -142 -241 -254 134 0 157 173 23
ZSESS 5 -77 -80 -188 -120 -160 77 157 0 170 -9
DS 7 -170 -109 -97 -184 -191 57 173 170 0 -6
SNS 10 -210 -174 -106 -132 -164 49 23 -9 -6 0

S. Kropivnik, A. Mrvar: An Analysis of the Slovene Parliamentary Parties Network. in Developments in data analysis, MZ 12,
FDV, Ljubljana, 1996, p. 209-216.
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3-way blockmodeling
We started to work on blockmodeling of 3-way networks. We developed
the indirect approach to structural equivalence blockmodeling in 3-way
networks. Indirect means – embedding the notion of equivalence in a
dissimilarity and determining it using clustering.

3-way network is defined by three sets of units X , Y and Z. There are three
basic cases:

• all three sets are different (3-mode netork)

• two sets are the same (2-mode network)

• all three sets are the same (1-mode network)

For all three cases we constructed compatible dissimilarities for structural
equivalence .
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Example 1: Artificial dataset
Randomly generated ideal structure rndTest(c(5,6,4),c(35,35,35)):
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Example 1: Dendrograms
1 9 b f i k o 3 4 d e j l
m u v w q r s 2 5 7 a c g t x z 6 8 h n p y

0
50

0
10

00
15

00
20

00

Dendrogram of  agnes(x = dist3m(t, 0, 1), method = "ward")

Agglomerative Coefficient =  1
dist3m(t, 0, 1)

H
ei

gh
t

1 3 4 9 f m y 2 7 a d r 8 g j n w x 5 b p t z c e i l o s v 6 h k q u

0
50

0
10

00
15

00
20

00

Dendrogram of  agnes(x = dist3m(t, 0, 2), method = "ward")

Agglomerative Coefficient =  1
dist3m(t, 0, 2)

H
ei

gh
t

1 4 5 6 7 8 a b c q r u 3 9 g j k l o s v x 2 d e f h m p y z i n t w

0
50

0
10

00
15

00
20

00

Dendrogram of  agnes(x = dist3m(t, 0, 3), method = "ward")

Agglomerative Coefficient =  1
dist3m(t, 0, 3)

H
ei

gh
t

ECPR Summer School, Ljubljana, July 30 – August 16, 2008 s s y s l s y ss * 6



V. Batagelj: Network Analysis / Clustering and Blockmodeling 66'

&

$

%

Example 1: Solutions

Click on the picture!
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Example 2: Krackhardt / Dendrograms
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Example 2: Krackhardt / Solutions

ECPR Summer School, Ljubljana, July 30 – August 16, 2008 s s y s l s y ss * 6



V. Batagelj: Network Analysis / Clustering and Blockmodeling 69'

&

$

%

Blockmodeling of Valued Networks
Batagelj and Ferligoj (2000) proposed an approach to blockmodel of valued
networks as an example of relational data analysis. These ideas were
further developed by Žiberna (2007) who proposed some approaches for
generalized blockmodeling of valued networks.

The first one is a straightforward generalization of the generalized block-
modeling of binary networks to valued blockmodeling. The second
approach is homogeneity blockmodeling where the basic idea is that the
inconsistency of an empirical block with its ideal block can be measured by
within block variability of appropriate values. Žiberna provided new ideal
blocks appropriate for blockmodeling of valued networks together with
definitions of their block inconsistencies.
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More on blockmodeling

The details about the generalized block-
modeling can be found in our book:
P. Doreian, V. Batagelj, A. Ferligoj:
Generalized Blockmodeling, CUP, 2005.
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Conditions for hierarchical clustering methods
The set of feasible clusterings Φ determines the feasibility predicate Φ(C) ≡ C ∈
Φ defined on P(P(U)\{∅}); and conversely Φ ≡ {C ∈ P(P(U)\{∅}) : Φ(C)}.

In the set Φ the relation of clustering inclusion v can be introduced by

C1 v C2 ≡ ∀C1 ∈ C1, C2 ∈ C2 : C1 ∩ C2 ∈ {∅, C1}

we say also that the clustering C1 is a refinement of the clustering C2.

It is well known that (Π(U),v) is a partially ordered set (even more, semimodular
lattice). Because any subset of partially ordered set is also partially ordered, we
have: Let Φ ⊆ Π(U) then (Φ,v) is a partially ordered set.

The clustering inclusion determines two related relations (on Φ):

C1 < C2 ≡ C1 v C2 ∧C1 6= C2 – strict inclusion, and

C1 <· C2 ≡ C1 < C2 ∧ ¬∃C ∈ Φ : (C1 < C ∧C < C2) – predecessor.
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Conditions on the structure of the set of feasible clusterings
We shall assume that the set of feasible clusterings Φ ⊆ Π(U) satisfies the following
conditions:

F1. O ≡ {{X} : X ∈ U} ∈ Φ

F2. The feasibility predicate Φ is local – it has the form Φ(C) =
∧

C∈C ϕ(C)

where ϕ(C) is a predicate defined on P(U) \ {∅} (clusters).

The intuitive meaning of ϕ(C) is: ϕ(C) ≡ the cluster C is ’good’. Therefore
the locality condition can be read: a ’good’ clustering C ∈ Φ consists of ’good’
clusters.

F3. The predicate Φ has the property of binary heredity with respect to the
fusibility predicate ψ(C1, C2), i.e.,

C1 ∩ C2 = ∅ ∧ ϕ(C1) ∧ ϕ(C2) ∧ ψ(C1, C2)⇒ ϕ(C1 ∪ C2)

This condition means: in a ’good’ clustering, a fusion of two ’fusible’ clusters

produces a ’good’ clustering.
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. . . conditions

F4. The predicate ψ is compatible with clustering inclusion v, i.e.,

∀C1,C2 ∈ Φ : (C1 < C2∧C1\C2 = {C1, C2} ⇒ ψ(C1, C2)∨ψ(C2, C1))

F5. The interpolation property holds in Φ, i.e., ∀C1,C2 ∈ Φ :

(C1 < C2∧card(()C1) > card(()C2)+1⇒ ∃C ∈ Φ : (C1 < C∧C < C2))

These conditions provide a framework in which the hierarchical methods
can be applied also for constrained clustering problems Φk(U) ⊂ Πk(U).

In the ordinary problem both predicates ϕ(C) and ψ(Cp, Cq) are always
true – all conditions F1-F5 are satisfied.
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Clustering with relational constraint
Suppose that the units are described by attribute data a:U → [U ] and related
by a binary relationR ⊆ U×U that determine the relational data (U , R, a).

We want to cluster the units according to the similarity of their descriptions,
but also considering the relation R – it imposes constraints on the set of
feasible clusterings, usually in the following form:

Φ(R) = {C ∈ P (U) : each cluster C ∈ C is a subgraph (C,R ∩ C × C)
in the graph (U , R) of the required type of connectedness}

Example: regionalization problem – group given territorial units into
regions such that units inside the region will be similar and form contiguous
part of the territory.
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Some types of relational constraints

We can define different types of sets of feasible clusterings for the same
relation R. Some examples of types of relational constraint Φi(R) are

type of clusterings type of connectedness

Φ1(R) weakly connected units

Φ2(R) weakly connected units that contain at most one center

Φ3(R) strongly connected units

Φ4(R) clique

Φ5(R) the existence of a trail containing all the units of the cluster

Trail – all arcs are distinct.

A set of units L ⊆ C is a center of cluster C in the clustering of type Φ2(R)
iff the subgraph induced by L is strongly connected andR(L)∩(C\L) = ∅.
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Some graphs of different types
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Properties of relational constraints
The sets of feasible clusterings Φi(R) are linked as follows:

Φ4(R) ⊆ Φ3(R) ⊆ Φ2(R) ⊆ Φ1(R)

Φ4(R) ⊆ Φ5(R) ⊆ Φ2(R)

If the relation R is symmetric, then Φ3(R) = Φ1(R)

If the relation R is an equivalence relation, then Φ4(R) = Φ1(R)

Here are also examples of the corresponding fusibility predicates:

ψ1(C1, C2) ≡ ∃X ∈ C1∃Y ∈ C2 : (XRY ∨YRX)

ψ2(C1, C2) ≡ (∃X ∈ L1∃Y ∈ C2 : XRY) ∨ (∃X ∈ C1∃Y ∈ L2 : YRX)

ψ3(C1, C2) ≡ (∃X ∈ C1∃Y ∈ C2 : XRY) ∧ (∃X ∈ C1∃Y ∈ C2 : YRX)

ψ4(C1, C2) ≡ ∀X ∈ C1∀Y ∈ C2 : (XRY ∧YRX)

ψ5(C1, C2) ≡ (∃X ∈ T1∃Y ∈ I2 : XRY) ∨ (∃X ∈ I1∃Y ∈ T2 : YRX)

For ψ3 the property F5 fails.
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Agglomerative method for relational constraints

We can use both hierarchical and local optimization methods for solving
some types of problems with relational constraint (Ferligoj, Batagelj 1983).

1. k := n; C(k) := {{X} : X ∈ U};
2. while ∃Ci, Cj ∈ C(k): (i 6= j ∧ ψ(Ci, Cj)) repeat
2.1. (Cp, Cq) := argmin{D(Ci, Cj): i 6= j ∧ ψ(Ci, Cj)};
2.2. C := Cp ∪ Cq; k := k − 1;
2.3. C(k) := C(k + 1) \ {Cp, Cq} ∪ {C};
2.4. determine D(C,Cs) for all Cs ∈ C(k)
2.4. adjust the relation R as required by the clustering type
3. m := k

The condition ψ(Ci, Cj) is equivalent to CiRCj for tolerant, leader and
strict method; and to CiRCj ∧ CjRCi for two-way method.
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Adjusting relation after joining

Φ1 – tolerant
Φ2 – leader
Φ4 – two-way
Φ5 – strict
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Example - problem
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Example - solution
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Dissimilarities between clusters

In the original approach a complete dissimilarity matrix is needed. To
obtain fast algorithms we propose to consider only the dissimilarities
between linked units.

Let (U , R), R ⊆ U × U be a graph and ∅ ⊂ S, T ⊂ U and S ∩ T = ∅.

We call a block of relation R for S and T its part R(S, T ) = R ∩ S × T .

The symmetric closure of relation R we denote with R̂ = R ∪ R−1. It
holds: R̂(S, T ) = R̂(T, S).

For all dissimilarities between clusters D(S, T ) we set:

D({s}, {t}) =

 d(s, t) sR̂t

∞ otherwise

where d is a selected dissimilarity between units.
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Minimum

Dmin(S, T ) = min
(s,t)∈R̂(S,T )

d(s, t)

Dmin(S, T1 ∪ T2) = min
(s,t)∈R̂(S,T1∪T2)

d(s, t) =

= min( min
(s,t)∈R̂(S,T1)

d(s, t), min
(s,t)∈R̂(S,T2)

d(s, t)) =

= min(Dmin(S, T1), Dmin(S, T2))
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Maximum

Dmax(S, T ) = max
(s,t)∈R̂(S,T )

d(s, t)

Dmax(S, T1 ∪ T2) = max
(s,t)∈R̂(S,T1∪T2)

d(s, t) =

= max( max
(s,t)∈R̂(S,T1)

d(s, t), max
(s,t)∈R̂(S,T2)

d(s, t)) =

= max(Dmax(S, T1), Dmax(S, T2))
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Average

w : V → R – is a weight on units; for example w(v) = 1, for all v ∈ U .

Da(S, T ) =
1

w(R̂(S, T ))

∑
(s,t)∈R̂(S,T )

d(s, t)

w(R̂(S, T1 ∪ T2)) = w(R̂(S, T1)) + w(R̂(S, T2))

w(R̂(S, T1 ∪ T2))Da(S, T1 ∪ T2) =
∑

(s,t)∈R̂(S,T1∪T2) d(s, t) =
=

∑
(s,t)∈R̂(S,T1) d(s, t) +

∑
(s,t)∈R̂(S,T2) d(s, t) =

= w(R̂(S, T1)) ·Da(S, T1) + w(R̂(S, T2)) ·Da(S, T2))

Da(S, T1∪T2) =
w(R̂(S, T1))

w(R̂(S, T1 ∪ T2))
Da(S, T1)+

w(R̂(S, T2))
w(R̂(S, T1 ∪ T2))

Da(S, T2)
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Hierarchies
The agglomerative clustering procedure produces a series of feasible clusterings
C(n), C(n− 1), . . . , C(m) with C(m) ∈ Max Φ (maximal elements for v).

Their union T =
⋃n

k=m C(k) is called a hierarchy and has the property

∀Cp, Cq ∈ T : Cp ∩ Cq ∈ {∅, Cp, Cq}

The set inclusion⊆ is a tree or hierarchical order on T . The hierarchy T is complete
iff U ∈ T .

For W ⊆ U we define the smallest cluster CT (W ) from T containing W as:
c1. W ⊆ CT (W )

c2. ∀C ∈ T : (W ⊆ C ⇒ CT (W ) ⊆ C)

CT is a closure on T with a special property

Z /∈ CT ({X,Y})⇒ CT ({X,Y}) ⊂ CT ({X,Y,Z}) = CT ({X,Z}) = CT ({Y,Z})
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Level functions
A mapping h : T → R+

0 is a level function on T iff
l1. ∀X ∈ U : h({X}) = 0

l2. Cp ⊆ Cq ⇒ h(Cp) ≤ h(Cq)

A simple example of level function is h(C) = card(()C)− 1.

Every hierarchy / level function determines an ultrametric dissimilarity on U

δ(X,Y) = h(CT ({X,Y}))

The converse is also true (see Dieudonne (1960)): Let d be an ultrametric on U .
Denote B(X, r) = {Y ∈ U : d(X,Y) ≤ r}. Then for any given set A ⊂ R+ the
set

C(A) = {B(X, r) : X ∈ U , r ∈ A} ∪ {{U}} ∪ {{X} : X ∈ U}

is a complete hierarchy, and h(C) = diam(C) is a level function.

The pair (T , h) is called a dendrogram or a clustering tree because it can be

visualized as a tree.
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Reducibility

The dissimilarity D has the reducibility property (Bruynooghe, 1977) iff

D(Cp, Cq) ≤ min(D(Cp, Cs), D(Cq, Cs)) ⇒

min(D(Cp, Cs), d(Cq, Cs)) ≤ D(Cp ∪ Cq, Cs)

or equivalently

D(Cp, Cq) ≤ t, D(Cp, Cs) ≥ t, D(Cq, Cs) ≥ t ⇒ D(Cp ∪ Cq, Cs) ≥ t

Theorem 2 If a dissimilarity D has the reducibility property then hD is a
level function.
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Nearest neighbors graphs

For a given dissimilarity d on the set of units U and relational constraint R
we define the k nearest neighbors graph GNN = (U , A)
(X,Y) ∈ A⇔ Y is selected among the nearest neighbors of X and XR̂Y

By setting for (X,Y) ∈ A its value to w((X,Y)) = d(X,Y) we obtain a
network NNN = (U , A,w).

In the case of equidistant pairs of units we have to decide – or to include
them all in the graph, or specify an additional selection rule. We shall
denote by G∗NN the graph with included all equidistant pairs, and by GNN

a graph where a single nearest neighbor is always selected.
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Structure and properties of the nearest neighbor graphs
LetNNN = (U , A, w) be a nearest neighbor network. A pair of units X,Y ∈ U are
reciprocal nearest neighbors or RNNs iff (X,Y) ∈ A and (Y,X) ∈ A.

Suppose card(()U) > 1 and R has no isolated units. Then inN

• every unit/vertex X ∈ U has the outdeg(X) ≥ 1 — there is no isolated unit;

• along every walk the values of w are not increasing.

using these two observations we can show that inN ∗NN :

• all the values of w on a closed walk are the same and all its arcs are reciprocal
— all arcs between units in a nontrivial (at least 2 units) strong component are
reciprocal;

• every maximal (can not be extended) elementary (no arc is repeated) walk ends
in a RNNs pair;

• there exists at least one RNNs pair – corresponding to minX,Y∈U,X 6=Y d(X,Y).
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Fast agglomerative clustering algorithms
Any networkNNN is a subnetwork ofN ∗NN . Its connected components are directed
(acyclic) trees with a single RNNs pair in the root.

Based on the nearest neighbor network very efficient algorithms for agglomerative
clustering for methods with the reducibility property can be built.

chain := [ ]; W := U ;
while card(()W) > 1 do begin

if chain = [ ] then select an arbitrary unit X ∈W else X := last(chain);
grow a NN-chain from X until a pair (Y,Z) of RNNs are obtained;
agglomerate Y and Z:

T := Y ∪ Z; W := W \ {Y,Z} ∪ {T}; compute D(T,W ),W ∈W

end;

It can be shown that if the clustering method has the reducibility property then the

NN-chain remains a NN-chain also after the agglomeration of the RNNs pair.
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Fast agglomerative algorithm for clustering with relational
constraints

stack := [];
for i := 1 to 2*n-1 do w[i] := false;
np := 0; nt := n; nw := 1;
while np < nt do begin

if empty(stack) then begin
while w[nw] do nw := nw + 1;
X := nw;

end else begin
X := top(stack); pop(stack);

end;
if empty(AllNeighbors(X)) then begin

w[X] := true; np := np + 1;
end else begin
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. . . Fast agglomerative algorithm
{determine the RNN pair (Y,Z)}

if empty(stack) then begin
Y := 0; dmin := dmax;

end else begin
Y := top(stack); dmin := weight(Y,X);

end;
U := X; push(stack,X); found := false;
repeat

if empty(AllNeighbors(U)) then begin
Z := U; found := true;

end else begin
for V in AllNeighbors(U) do

if weight(U,V) < dmin then begin
dmin := weight(U,V); T := V;

end;
if T=U then T := Y;
if T=Y then begin

Z := U; found := true;
end else begin

Y := U; U := T; push(stack,T); T := Y;
end;

end;
until found;
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. . . Fast agglomerative algorithm
{join the RNN pair T=(Y,Z)}

if not (Z in OutNeighbors(Y)) then begin
U := Z; Z := Y; Y := U;

end;
nt := nt + 1; T := nt;
father[Y] := T; father[Z] := T;
h[T] := weight(Y,Z);
w[Y] := true; w[Z] := true; np := np + 2;
AddtoGraph(Y,Z,T,strategy);
for V in AllNeighbors(T) do

weight(T,V) := D(Y,Z,T,V,method);
RemovefromGraph(Y); RemovefromGraph(Z);
pop(stack); pop(stack); push(stack,T);

end;
end;

AddGraph adds a vertex T to the network using selected strategy. The vertices
X and Y are not deleted yet because they are needed for computing the corrected
dissimilarities D. top(stack) returns the top value from stack; the value is not
removed from the stack. To remove it pop(stack) is used.

In the statement dmin := weight(Y,X); we have to check both directions –

(Y,X) and (X,Y ).
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Example: Slovenian communes

Ajdovscina

Beltinci

Bled

Bohinj

Borovnica

Bovec

Brda
Brezovica

Brezice

Tisina

Celje

Cerklje

Cerknica

Cerkno

Crensovci

Crna

Crnomelj

Destrnik

Divaca

Dobrepolje

Dobrova

Dol

Domzale

Dornava

Dravograd

Duplek

Gorenja V

Gorisnica

Gornja Rad

Gornji Gra

Gornji Pet

Grosuplje

Salovci

Hrastnik

Hrpelje Ko

Idrija Ig

Ilirska B

Ivancna G

Izola

Jesenice

Jursinci

Kamnik

Kanal

Kidricevo

Kobarid

Kobilje

Kocevje
Komen

Koper

Kozje

Kranj

Kranjska G

Krsko

Kungota

Kuzma

Lasko

Lenart

Lendava

Litija

Ljubljana

Ljubno

Ljutomer

Logatec

Loska Dol
Loski P

Luce

Lukovica

Majsperk

Maribor

Medvode

Menges

Metlika

Mezica

Miren Kost

Mislinja

Moravce

Moravske T

Mozirje

Murska Sob

Muta

Naklo

Nazarje

Nova Goric

Novo Mesto

Odranci

Ormoz

Osilnica

Pesnica

Piran

Pivka

Podcetrtek

Podvelka

Postojna

Preddvor

Ptuj

Puconci

Race Fram

Radece

Radenci

Radlje

Radovljica

Ravne Kor

Ribnica

Rogasovci

Rogaska Sl

Rogatec

Ruse

Semic

Sevnica

Sezana

Slovenj Gr

Slo Bistri

Slo Konjic

Starse

Sv Jurij

Sencur

Sentilj

Sentjernej

Sentjur Ce

Skocjan

Skofja L

Skofljica

Smarje Jel

Smartno Pa

Sostanj

Store

Tolmin

Trbovlje

Trebnje

Trzic

Turnisce

Velenje

Velike Las

Videm

Vipava

Vitanje

Vodice

Vojnik

Vrhnika

Vuzenica

Zagorje

Zavrc

Zrece

V145

Zelezniki

Ziri

Benedikt

Bistrica S

Bloke

Braslovce

Cankova

Cerkvenjak

Dobje

Dobrna

Dobrovnik

Dol Toplic

Grad

Hajdina

Hoce Slivn

Hodos

Horjul

Jezersko

Komenda

Kostel

Krizevci

Lovrenc

Markovci

Miklavz

Mirna Pec

Oplotnica

Podlehnik

Polzela

Prebold

Prevalje

Razkrizje

Ribnica Po

Selnica D

Sodrazica

Solcava

Sveta Ana

Sv Andraz

Sempeter V

Tabor

Trnovska V

Trzin

V Polana

Verzej

Vransko Zalec

Zetale

Zirovnica

Zuzemberk
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Example: US counties t = 1400

Autauga

Baldwin

Barbour

Bibb

Blount

Bullock

Butler

Calhoun

Chambers

Cherokee

Chilton

Choctaw

Clarke

Clay

Cleburne

Coffee

Colbert

Conecuh

Coosa

Covington

Crenshaw

Cullman

Dale

Dallas

DeKalb

Elmore

Escambia

Etowah

Fayette

Franklin

Geneva

Greene
Hale

Henry

Houston

Jackson

Jefferson

Lamar

Lauderdale

Lawrence

Lee

Limestone

Lowndes

Macon

Madison

Marengo

Marion

Marshall

Mobile

Monroe

Montgomery

Morgan

Perry

Pickens

Pike

Randolph

Russell

St. Clair

Shelby

Sumter

Talladega

Tallapoosa

Tuscaloosa

Walker

Washington

Wilcox

Winston

Apache

Cochise

Coconino

Gila

Graham
Greenlee

La Paz

Maricopa

Mohave

Navajo

Pima

Pinal

Santa Cruz

Yavapai

Yuma

Arkansas

Ashley

Baxter
Benton Boone

Bradley

Calhoun

Carroll

Chicot

Clark

Clay

Cleburne

Cleveland

Columbia

Conway

Craighead

Crawford

Crittenden

Cross

Dallas

Desha

Drew

Faulkner

Franklin

Fulton

Garland

Grant

Greene

Hempstead

Hot Spring

Howard

Independence

Izard

Jackson

Jefferson

Johnson

Lafayette

Lawrence

Lee

Lincoln

Little River

Logan

Lonoke

Madison

Marion

Miller

Mississippi

Monroe

Montgomery

Nevada

Newton

Ouachita

Perry

Phillips

Pike

Poinsett

Polk

Pope

PrairiePulaski

Randolph

St. Francis

Saline

Scott

Searcy

Sebastian

Sevier

Sharp

Stone

Union

Van Buren

Washington

White
Woodruff

Yell

Alameda

Alpine

Amador

Butte

Calaveras

Colusa

Contra Costa

Del Norte

El Dorado

Fresno

Glenn

Humboldt

Imperial

Inyo

Kern

Kings

Lake

Lassen

Los Angeles

Madera

Marin

Mariposa

Mendocino

Merced

Modoc

Mono

Monterey

Napa

Nevada

Orange

Placer

Plumas

Riverside

Sacramento

San Benito

San Bernardino

San Diego

San Francisco

San Joaquin

San Luis Obispo

San Mateo

Santa Barbara

Santa Clara

Santa Cruz

Shasta

Sierra

Siskiyou

Solano

Sonoma

Stanislaus

Sutter

Tehama

Trinity

Tulare

Tuolumne

Ventura

Yolo

Yuba

Adams

Alamosa

Arapahoe

Archuleta

Baca

Bent

Boulder

Chaffee
Cheyenne

Clear Creek

Conejos

Costilla

Crowley

Custer

Delta

Denver

Dolores

Douglas

Eagle

Elbert

El Paso

Fremont

Garfield

Gilpin

Grand

Gunnison

Hinsdale

Huerfano

Jackson

Jefferson

Kiowa

Kit Carson
Lake

La Plata

Larimer

Las Animas

Lincoln

Logan

Mesa

Mineral

Moffat

Montezuma

Montrose

Morgan

Otero

Ouray

Park

Phillips

Pitkin

Prowers

Pueblo

Rio Blanco

Rio Grande

Routt

Saguache

San Juan

San Miguel

Sedgwick

Summit

Teller

Washington

Weld

Yuma

Fairfield

HartfordLitchfield

MiddlesexNew Haven
New London

TollandWindham

Kent

New Castle

Sussex

District of Columbia

Alachua

Baker
Bay

Bradford

Brevard

Broward

Calhoun

Charlotte

Citrus

Clay

Collier

Columbia

Dade

DeSoto

Dixie

Duval

Escambia

Flagler

Franklin

Gadsden

Gilchrist

Glades

Gulf

Hamilton

Hardee

Hendry

Hernando

Highlands

Hillsborough

Holmes

Indian River

Jackson

Jefferson

Lafayette

Lake

Lee

Leon

Levy

Liberty

Madison

Manatee

Marion

Martin

Monroe

Nassau

Okaloosa

Okeechobee

Orange

Osceola

Palm Beach

Pasco

Pinellas
Polk

Putnam

St. Johns

St. Lucie

Santa Rosa

Sarasota

Seminole

Sumter

Suwannee

Taylor
Union

Volusia

Wakulla

Walton Washington

Appling

Atkinson

Bacon

Baker

Baldwin

Banks

Barrow

Bartow

Ben Hill

Berrien

Bibb

Bleckley

Brantley

Brooks

Bryan

Bulloch

Burke

Butts

Calhoun

Camden

Candler

Carroll

Catoosa

Charlton

Chatham

Chattahoochee

Chattooga

Cherokee

Clarke

Clay

Clayton

Clinch

Cobb

Coffee

Colquitt

Columbia

Cook

Coweta

Crawford

Crisp

Dade

Dawson

Decatur

DeKalb

DodgeDooly

Dougherty

Douglas

Early

Echols

Effingham

Elbert

Emanuel

Evans

Fannin

Fayette

Floyd

Forsyth

Franklin

Fulton

Gilmer

Glascock

Glynn

Gordon

Grady

Greene

Gwinnett

Habersham

Hall

Hancock

Haralson

Harris

Hart

Heard

Henry

Houston

Irwin

Jackson

Jasper

Jeff Davis

Jefferson

Jenkins

Johnson

Jones
Lamar

Lanier

Laurens

Lee
Liberty

Lincoln

Long

Lowndes

Lumpkin

McDuffie

McIntosh

Macon

Madison

Marion

Meriwether

Miller
Mitchell

Monroe

Montgomery

Morgan

Murray

Muscogee

Newton

OconeeOglethorpe
Paulding

Peach

Pickens

Pierce

Pike

Polk

Pulaski

Putnam

Quitman

Rabun

Randolph

Richmond

Rockdale

Schley

Screven

Seminole

Spalding

Stephens

Stewart Sumter

Talbot

Taliaferro

Tattnall

Taylor

Telfair

Terrell

Thomas

Tift

Toombs

Towns

Treutlen

Troup

Turner

Twiggs

Union

Upson

Walker

Walton

Ware

Warren

Washington

Wayne

Webster Wheeler

White

Whitfield

Wilcox

Wilkes

Wilkinson

Worth

Ada

Adams

Bannock

Bear Lake

Benewah

Bingham
Blaine

Boise

Bonner

Bonneville

Boundary

Butte

Camas
Canyon

Caribou

Cassia

Clark

Clearwater

Custer

Elmore

Franklin

Fremont

Gem

Gooding

Idaho

Jefferson

Jerome

Kootenai

Latah

Lemhi

Lewis

Lincoln

Madison

Minidoka

Nez Perce

Oneida

Owyhee

Payette

Power

Shoshone

Teton

Twin Falls

Valley

Washington

Adams

Alexander

Bond

Boone

Brown

Bureau

Calhoun

Carroll

Cass

Champaign

Christian

Clark

Clay

Clinton

Coles

Cook

Crawford

Cumberland

DeKalb

De Witt

Douglas

DuPage

Edgar

Edwards

Effingham
Fayette

Ford

Franklin

Fulton

Gallatin

Greene

Grundy

Hamilton

Hancock

Hardin

Henderson

Henry

Iroquois

Jackson

Jasper

Jefferson

Jersey

Jo Daviess

Johnson

Kane

Kankakee

Kendall

Knox

Lake

La Salle

Lawrence

Lee

Livingston

Logan

McDonough

McHenry

McLean

Macon

Macoupin

Madison

Marion

Marshall

Mason

Massac

Menard

Mercer

Monroe

Montgomery

Morgan
Moultrie

Ogle

Peoria

Perry

Piatt

Pike

Pope

Pulaski

Putnam

Randolph

Richland

Rock Island

St. Clair

Saline

Sangamon

Schuyler

Scott

Shelby

Stark

Stephenson

Tazewell

Union

Vermilion

Wabash

Warren

Washington
Wayne

White

Whiteside

Will

Williamson

Winnebago

Woodford Adams

Allen

Bartholomew

Benton

Blackford

Boone

Brown

Carroll

Cass

Clark

Clay

Clinton

Crawford

Daviess

Dearborn

Decatur

De Kalb

Delaware

Dubois

Elkhart

Fayette

Floyd

Fountain

Franklin

Fulton

Gibson

Grant

Greene

Hamilton

Hancock

Harrison

Hendricks

Henry

Howard

Huntington

Jackson

Jasper

Jay

Jefferson

Jennings

Johnson

Knox

Kosciusko

Lagrange

Lake
La Porte

Lawrence

Madison

Marion

Marshall

Martin

Miami

Monroe

Montgomery

Morgan

Newton

Noble

Ohio

Orange

Owen

Parke

Perry

Pike

Porter

Posey

Pulaski

Putnam

Randolph

Ripley

Rush

St. Joseph

Scott

Shelby

Spencer

Starke

Steuben

Sullivan

Switzerland

Tippecanoe
Tipton

Union

Vanderburgh

Vermillion

Vigo

Wabash

Warren

Warrick

Washington

Wayne

WellsWhite

Whitley

Adair

Adams

Allamakee

Appanoose

Audubon

Benton

Black Hawk

Boone

Bremer

Buchanan

Buena Vista Butler

Calhoun

Carroll

Cass

Cedar

Cerro Gordo

Cherokee

Chickasaw

Clarke

Clay

Clayton

Clinton

Crawford

Dallas

DavisDecatur

Delaware

Des Moines

Dickinson

Dubuque

Emmet

Fayette

Floyd

Franklin

Fremont

Greene

Grundy

Guthrie

Hamilton

Hancock

Hardin

Harrison

Henry

Howard

Humboldt

Ida

Iowa

Jackson

Jasper

Jefferson

Johnson

Jones

Keokuk

Kossuth

Lee

Linn

Louisa

Lucas

Lyon

Madison MahaskaMarion

Marshall

Mills

Mitchell

Monona

MonroeMontgomery

Muscatine

OBrien’

Osceola

Page

Palo Alto

Plymouth Pocahontas

Polk

Pottawattamie

Poweshiek

Ringgold

Sac

Scott
Shelby

Sioux

Story
Tama

Taylor

Union

Van Buren

Wapello

Warren Washington

Wayne

Webster

Winnebago
Winneshiek

Woodbury

Worth

Wright

Allen

Anderson

Atchison

Barber

Barton

Bourbon

Brown

Butler

Chase

Chautauqua Cherokee

Cheyenne

Clark

Clay

Cloud

Coffey

Comanche
Cowley

Crawford

Decatur

Dickinson

Doniphan

Douglas

Edwards

Elk

Ellis

Ellsworth

Finney

Ford

Franklin

Geary

Gove

Graham

Grant

Gray

Greeley

Greenwood

Hamilton

Harper

Harvey

Haskell

Hodgeman

Jackson

Jefferson

Jewell

Johnson

Kearny

KingmanKiowa

Labette

Lane

Leavenworth

Lincoln

Linn

Logan

Lyon
McPherson

Marion

Marshall

Meade

Miami

Mitchell

Montgomery

Morris

Morton

Nemaha

Neosho

Ness

Norton

Osage

Osborne

Ottawa

Pawnee

Phillips

Pottawatomie

Pratt

Rawlins

Reno

Republic

Rice

Riley
Rooks

Rush

Russell

Saline

Scott

Sedgwick

Seward

Shawnee

SheridanSherman

Smith

Stafford

Stanton

Stevens
Sumner

Thomas

Trego
Wabaunsee

Wallace

Washington

Wichita

Wilson

Woodson

Wyandotte

Adair

Allen

Anderson

Ballard

Barren

Bath

Bell

Boone

Bourbon

Boyd

Boyle

Bracken

Breathitt

Breckinridge

Bullitt

ButlerCaldwell

Calloway

Campbell

Carlisle

Carroll

Carter

Casey

Christian

Clark

Clay

Clinton

Crittenden

Cumberland

Daviess

Edmonson

Elliott

Estill

Fayette

Fleming

Floyd

Franklin

Fulton

Gallatin

Garrard

Grant

Graves

Grayson

Green

Greenup

Hancock

Hardin

Harlan

Harrison

Hart

Henderson

Henry

Hickman

Hopkins
Jackson

Jefferson

Jessamine Johnson

Kenton

Knott

Knox

Larue

Laurel

Lawrence

Lee

Leslie Letcher

Lewis

Lincoln

Livingston

Logan

Lyon
McCracken

McCreary

McLean

Madison Magoffin

Marion

Marshall

Martin

Mason

Meade
Menifee

Mercer

Metcalfe

Monroe

Montgomery

Morgan

Muhlenberg
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Williamsburg

Winchester

Adams

Asotin
Benton

Chelan

Clallam

Clark

Columbia

Cowlitz

Douglas

Ferry

Franklin

Garfield

Grant

Grays Harbor

Island

Jefferson

King

Kitsap

Kittitas

Klickitat

Lewis

Lincoln

Mason

Okanogan

Pacific

Pend Oreille

Pierce

San Juan

Skagit

Skamania

Snohomish

Spokane

Stevens

Thurston

Wahkiakum Walla Walla

Whatcom

Whitman

Yakima

Barbour

Berkeley

Boone

Braxton

Brooke

Cabell

Calhoun

Clay

Doddridge

Fayette

Gilmer

Grant

Greenbrier

Hampshire

Hancock

Hardy

Harrison

Jackson

Jefferson

Kanawha

Lewis

Lincoln

Logan

McDowell

Marion

Marshall

Mason

Mercer

Mineral

Mingo

Monongalia

Monroe

Morgan

Nicholas

Ohio

Pendleton

Pleasants

Pocahontas

Preston

Putnam

Raleigh

Randolph

Ritchie

Roane

Summers

Taylor

Tucker

Tyler

Upshur

Wayne

Webster

Wetzel

Wirt

Wood

Wyoming

Adams

Ashland

Barron

Bayfield

Brown

Buffalo

Burnett

Calumet

Chippewa

Clark

Columbia

Crawford

Dane

Dodge

Door

Douglas

Dunn

Eau Claire

Florence

Fond du Lac

Forest

Grant

Green

Green Lake

Iowa

Iron

Jackson

Jefferson

Juneau

Kenosha

Kewaunee

La Crosse

Lafayette

Langlade
Lincoln

Manitowoc

Marathon

Marinette

Marquette

Menominee

Milwaukee

Monroe

Oconto

Oneida

Outagamie

Ozaukee

Pepin

Pierce

Polk

Portage

Price

Racine

Richland

Rock

Rusk

St. Croix

Sauk

Sawyer

Shawano

Sheboygan

Taylor

Trempealeau

Vernon

Vilas

Walworth

Washburn

Washington

Waukesha

Waupaca

Waushara
Winnebago

Wood

Albany

Big Horn

Campbell

Carbon

Converse

Crook

Fremont

Goshen

Hot Springs

Johnson

Laramie

Lincoln

Natrona
Niobrara

Park

Platte

Sheridan

Sublette

Sweetwater

Teton

Uinta

Washakie Weston

Pajek
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Example: US counties t = 200

Autauga

Baldwin

Barbour

Bibb

Blount

Bullock

Butler

Calhoun

Chambers

Cherokee

Chilton

Choctaw

Clarke

Clay

Cleburne

Coffee

Colbert

Conecuh

Coosa

Covington

Crenshaw

Cullman

Dale

Dallas

DeKalb

Elmore

Escambia

Etowah

Fayette

Franklin

Geneva

Greene
Hale

Henry

Houston

Jackson

Jefferson

Lamar

Lauderdale

Lawrence

Lee

Limestone

Lowndes

Macon

Madison

Marengo

Marion

Marshall

Mobile

Monroe

Montgomery

Morgan

Perry

Pickens

Pike

Randolph

Russell

St. Clair

Shelby

Sumter

Talladega

Tallapoosa

Tuscaloosa

Walker

Washington

Wilcox

Winston

Apache

Cochise

Coconino

Gila

Graham
Greenlee

La Paz

Maricopa

Mohave

Navajo

Pima

Pinal

Santa Cruz

Yavapai

Yuma

Arkansas

Ashley

Baxter
Benton Boone

Bradley

Calhoun

Carroll

Chicot

Clark

Clay

Cleburne

Cleveland

Columbia

Conway

Craighead

Crawford

Crittenden

Cross

Dallas

Desha

Drew

Faulkner

Franklin

Fulton

Garland

Grant

Greene

Hempstead

Hot Spring

Howard

Independence

Izard

Jackson

Jefferson

Johnson

Lafayette

Lawrence

Lee

Lincoln

Little River

Logan

Lonoke

Madison

Marion

Miller

Mississippi

Monroe

Montgomery

Nevada

Newton

Ouachita

Perry

Phillips

Pike

Poinsett

Polk

Pope

PrairiePulaski

Randolph

St. Francis

Saline

Scott

Searcy

Sebastian

Sevier

Sharp

Stone

Union

Van Buren

Washington

White
Woodruff

Yell

Alameda

Alpine

Amador

Butte

Calaveras

Colusa

Contra Costa

Del Norte

El Dorado

Fresno

Glenn

Humboldt

Imperial

Inyo

Kern

Kings

Lake

Lassen

Los Angeles

Madera

Marin

Mariposa

Mendocino

Merced

Modoc

Mono

Monterey

Napa

Nevada

Orange

Placer

Plumas

Riverside

Sacramento

San Benito

San Bernardino

San Diego

San Francisco

San Joaquin

San Luis Obispo

San Mateo

Santa Barbara

Santa Clara

Santa Cruz

Shasta

Sierra

Siskiyou

Solano

Sonoma

Stanislaus

Sutter

Tehama

Trinity

Tulare

Tuolumne

Ventura

Yolo

Yuba

Adams

Alamosa

Arapahoe

Archuleta

Baca

Bent

Boulder

Chaffee
Cheyenne

Clear Creek

Conejos

Costilla

Crowley

Custer

Delta

Denver

Dolores

Douglas

Eagle

Elbert

El Paso

Fremont

Garfield

Gilpin

Grand

Gunnison

Hinsdale

Huerfano

Jackson

Jefferson

Kiowa

Kit Carson
Lake

La Plata

Larimer

Las Animas

Lincoln

Logan

Mesa

Mineral

Moffat

Montezuma

Montrose

Morgan

Otero

Ouray

Park

Phillips

Pitkin

Prowers

Pueblo

Rio Blanco

Rio Grande

Routt

Saguache

San Juan

San Miguel

Sedgwick

Summit

Teller

Washington

Weld

Yuma

Fairfield

HartfordLitchfield

MiddlesexNew Haven
New London

TollandWindham

Kent

New Castle

Sussex

District of Columbia

Alachua

Baker
Bay

Bradford

Brevard

Broward

Calhoun

Charlotte

Citrus

Clay

Collier

Columbia

Dade

DeSoto

Dixie

Duval

Escambia

Flagler

Franklin

Gadsden

Gilchrist

Glades

Gulf

Hamilton

Hardee

Hendry

Hernando

Highlands

Hillsborough

Holmes

Indian River

Jackson

Jefferson

Lafayette

Lake

Lee

Leon

Levy

Liberty

Madison

Manatee

Marion

Martin

Monroe

Nassau

Okaloosa

Okeechobee

Orange

Osceola

Palm Beach

Pasco

Pinellas
Polk

Putnam

St. Johns

St. Lucie

Santa Rosa

Sarasota

Seminole

Sumter

Suwannee

Taylor
Union

Volusia

Wakulla

Walton Washington

Appling

Atkinson

Bacon

Baker

Baldwin

Banks

Barrow

Bartow

Ben Hill

Berrien

Bibb

Bleckley

Brantley

Brooks

Bryan

Bulloch

Burke

Butts

Calhoun

Camden

Candler

Carroll

Catoosa

Charlton

Chatham

Chattahoochee

Chattooga

Cherokee

Clarke

Clay

Clayton

Clinch

Cobb

Coffee

Colquitt

Columbia

Cook

Coweta

Crawford

Crisp

Dade

Dawson

Decatur

DeKalb

DodgeDooly

Dougherty

Douglas

Early

Echols

Effingham

Elbert

Emanuel

Evans

Fannin

Fayette

Floyd

Forsyth

Franklin

Fulton

Gilmer

Glascock

Glynn

Gordon

Grady

Greene

Gwinnett

Habersham

Hall

Hancock

Haralson

Harris

Hart

Heard

Henry

Houston

Irwin

Jackson

Jasper

Jeff Davis

Jefferson

Jenkins

Johnson

Jones
Lamar

Lanier

Laurens

Lee
Liberty

Lincoln

Long

Lowndes

Lumpkin

McDuffie

McIntosh

Macon

Madison

Marion

Meriwether

Miller
Mitchell

Monroe

Montgomery

Morgan

Murray

Muscogee

Newton

OconeeOglethorpe
Paulding

Peach

Pickens

Pierce

Pike

Polk

Pulaski

Putnam

Quitman

Rabun

Randolph

Richmond

Rockdale

Schley

Screven

Seminole

Spalding

Stephens

Stewart Sumter

Talbot

Taliaferro

Tattnall

Taylor

Telfair

Terrell

Thomas

Tift

Toombs

Towns

Treutlen

Troup

Turner

Twiggs

Union

Upson

Walker

Walton

Ware

Warren

Washington

Wayne

Webster Wheeler

White

Whitfield

Wilcox

Wilkes

Wilkinson

Worth

Ada

Adams

Bannock

Bear Lake

Benewah

Bingham
Blaine

Boise

Bonner

Bonneville

Boundary

Butte

Camas
Canyon

Caribou

Cassia

Clark

Clearwater

Custer

Elmore

Franklin

Fremont

Gem

Gooding

Idaho

Jefferson

Jerome

Kootenai

Latah

Lemhi

Lewis

Lincoln

Madison

Minidoka

Nez Perce

Oneida

Owyhee

Payette

Power

Shoshone

Teton

Twin Falls

Valley

Washington

Adams

Alexander

Bond

Boone

Brown

Bureau

Calhoun

Carroll

Cass

Champaign

Christian

Clark

Clay

Clinton

Coles

Cook

Crawford

Cumberland

DeKalb

De Witt

Douglas

DuPage

Edgar

Edwards

Effingham
Fayette

Ford

Franklin

Fulton

Gallatin

Greene

Grundy

Hamilton

Hancock

Hardin

Henderson

Henry

Iroquois

Jackson

Jasper

Jefferson

Jersey

Jo Daviess

Johnson

Kane

Kankakee

Kendall

Knox

Lake

La Salle

Lawrence

Lee

Livingston

Logan

McDonough

McHenry

McLean

Macon

Macoupin

Madison

Marion

Marshall

Mason

Massac

Menard

Mercer

Monroe

Montgomery

Morgan
Moultrie

Ogle

Peoria

Perry

Piatt

Pike

Pope

Pulaski

Putnam

Randolph

Richland

Rock Island

St. Clair

Saline

Sangamon

Schuyler

Scott

Shelby

Stark

Stephenson

Tazewell

Union

Vermilion

Wabash

Warren

Washington
Wayne

White

Whiteside

Will

Williamson

Winnebago

Woodford Adams

Allen

Bartholomew

Benton

Blackford

Boone

Brown

Carroll

Cass

Clark

Clay

Clinton

Crawford

Daviess

Dearborn

Decatur

De Kalb

Delaware

Dubois

Elkhart

Fayette

Floyd

Fountain

Franklin

Fulton

Gibson

Grant

Greene

Hamilton

Hancock

Harrison

Hendricks

Henry

Howard

Huntington

Jackson

Jasper

Jay

Jefferson

Jennings

Johnson

Knox

Kosciusko

Lagrange

Lake
La Porte

Lawrence

Madison

Marion

Marshall

Martin

Miami

Monroe

Montgomery

Morgan

Newton

Noble

Ohio

Orange

Owen

Parke

Perry

Pike

Porter

Posey

Pulaski

Putnam

Randolph

Ripley

Rush

St. Joseph

Scott

Shelby

Spencer

Starke

Steuben

Sullivan

Switzerland

Tippecanoe
Tipton

Union

Vanderburgh

Vermillion

Vigo

Wabash

Warren

Warrick

Washington

Wayne

WellsWhite

Whitley

Adair

Adams

Allamakee

Appanoose

Audubon

Benton

Black Hawk

Boone

Bremer

Buchanan

Buena Vista Butler

Calhoun

Carroll

Cass

Cedar

Cerro Gordo

Cherokee

Chickasaw

Clarke

Clay

Clayton

Clinton

Crawford

Dallas

DavisDecatur

Delaware

Des Moines

Dickinson

Dubuque

Emmet

Fayette

Floyd

Franklin

Fremont

Greene

Grundy

Guthrie

Hamilton

Hancock

Hardin

Harrison

Henry

Howard

Humboldt

Ida

Iowa

Jackson

Jasper

Jefferson

Johnson

Jones

Keokuk

Kossuth

Lee

Linn

Louisa

Lucas

Lyon

Madison MahaskaMarion

Marshall

Mills

Mitchell

Monona

MonroeMontgomery

Muscatine

OBrien’

Osceola

Page

Palo Alto

Plymouth Pocahontas

Polk

Pottawattamie

Poweshiek

Ringgold

Sac

Scott
Shelby

Sioux

Story
Tama

Taylor

Union

Van Buren

Wapello

Warren Washington

Wayne

Webster

Winnebago
Winneshiek

Woodbury

Worth

Wright

Allen

Anderson

Atchison

Barber

Barton

Bourbon

Brown

Butler

Chase

Chautauqua Cherokee

Cheyenne

Clark

Clay

Cloud

Coffey

Comanche
Cowley

Crawford

Decatur

Dickinson

Doniphan

Douglas

Edwards

Elk

Ellis

Ellsworth

Finney

Ford

Franklin

Geary

Gove

Graham

Grant

Gray

Greeley

Greenwood

Hamilton

Harper

Harvey

Haskell

Hodgeman

Jackson

Jefferson

Jewell

Johnson

Kearny

KingmanKiowa

Labette

Lane

Leavenworth

Lincoln

Linn

Logan

Lyon
McPherson

Marion

Marshall

Meade

Miami

Mitchell

Montgomery

Morris

Morton

Nemaha

Neosho

Ness

Norton

Osage

Osborne

Ottawa

Pawnee

Phillips

Pottawatomie

Pratt

Rawlins

Reno

Republic

Rice

Riley
Rooks

Rush

Russell

Saline

Scott

Sedgwick

Seward

Shawnee

SheridanSherman

Smith

Stafford

Stanton

Stevens
Sumner

Thomas

Trego
Wabaunsee

Wallace

Washington

Wichita

Wilson

Woodson

Wyandotte

Adair

Allen

Anderson

Ballard

Barren

Bath

Bell

Boone

Bourbon

Boyd

Boyle

Bracken

Breathitt

Breckinridge

Bullitt

ButlerCaldwell

Calloway

Campbell

Carlisle

Carroll

Carter

Casey

Christian

Clark

Clay

Clinton

Crittenden

Cumberland

Daviess

Edmonson

Elliott

Estill

Fayette

Fleming

Floyd

Franklin

Fulton

Gallatin

Garrard

Grant

Graves

Grayson

Green

Greenup

Hancock

Hardin

Harlan

Harrison

Hart

Henderson

Henry

Hickman

Hopkins
Jackson

Jefferson

Jessamine Johnson

Kenton

Knott

Knox

Larue

Laurel

Lawrence

Lee

Leslie Letcher

Lewis

Lincoln

Livingston

Logan

Lyon
McCracken

McCreary

McLean

Madison Magoffin

Marion

Marshall

Martin

Mason

Meade
Menifee

Mercer

Metcalfe

Monroe

Montgomery

Morgan

Muhlenberg

Nelson

Nicholas

Ohio

Oldham

Owen

Owsley

Pendleton

Perry

Pike

Powell

Pulaski

Robertson

Rockcastle

Rowan

Russell

Scott

Shelby

Simpson

Spencer

Taylor

Todd
Trigg

Trimble

Union

Warren

Washington

Wayne

Webster

Whitley

Wolfe

Woodford

Acadia

Allen

Ascension

Assumption

Avoyelles

Beauregard

Bienville

BossierCaddo

Calcasieu

Caldwell

Cameron

Catahoula

Claiborne

Concordia

De Soto

East Baton Rouge

East Carroll

East Feliciana
Evangeline

Franklin

Grant

Iberia

Iberville

Jackson

Jefferson

Jefferson Davis
Lafayette

Lafourche

La Salle

Lincoln

Livingston

Madison

Morehouse

Natchitoches

Orleans

Ouachita

Plaquemines

Pointe Coupee

Rapides

Red River

Richland

Sabine

St. Bernard
St. Charles

St. Helena

St. James

St. John the Baptist

St. Landry

St. Martin

St. Mary

St. Tammany

Tangipahoa

Tensas

Terrebonne

Union

Vermilion

Vernon

Washington

Webster

West Baton Rouge

West Carroll

West Feliciana

Winn

Androscoggin

Aroostook

Cumberland

Franklin

Hancock

Kennebec

Knox
Lincoln

Oxford

Penobscot

Piscataquis

Sagadahoc

Somerset

Waldo

Washington

York

Allegany

Anne Arundel

Baltimore

Calvert

Caroline

Carroll
Cecil

Charles Dorchester

FrederickGarrett
Harford

Howard Kent
Montgomery

Prince George

Queen Anne

St. Mary

Somerset

Talbot

Washington

Wicomico

Worcester

Baltimore

Barnstable

Berkshire

Bristol

Dukes

Essex

Franklin

Hampden

Hampshire
Middlesex

Nantucket

Norfolk

Plymouth

Suffolk
Worcester

Alcona

Alger

Allegan

AlpenaAntrim

Arenac

Baraga

Barry

Bay

Benzie

Berrien
Branch

Calhoun

Cass

Charlevoix

Cheboygan

Chippewa

Clare

Clinton

Crawford

Delta

Dickinson

Eaton

Emmet

Genesee

Gladwin

Gogebic

Grand Traverse

Gratiot

Hillsdale

Houghton

Huron

Ingham

Ionia

Iosco

Iron

Isabella

JacksonKalamazoo

Kalkaska

Kent

Keweenaw

Lake

Lapeer

Leelanau

Lenawee

Livingston

Luce

Mackinac

Macomb

Manistee

Marquette

Mason

Mecosta

Menominee

Midland

Missaukee

Monroe

Montcalm

Montmorency

Muskegon

Newaygo

Oakland

Oceana

Ogemaw

Ontonagon

Osceola

Oscoda

Otsego

Ottawa

Presque Isle

Roscommon

Saginaw

St. Clair

St. Joseph

Sanilac

Schoolcraft

Shiawassee

Tuscola

Van Buren WashtenawWayne

Wexford

Aitkin

Anoka

Becker

Beltrami

Benton

Big Stone

Blue Earth

Brown

Carlton

Carver

Cass

Chippewa

Chisago

Clay

Clearwater

Cook

Cottonwood

Crow Wing

Dakota

Dodge

Douglas

Faribault FillmoreFreeborn

Goodhue

Grant

Hennepin

Houston

Hubbard

Isanti

Itasca

Jackson

Kanabec

Kandiyohi

Kittson

Koochiching

Lac qui Parle

Lake

Lake of the Woods

Le Sueur
Lincoln Lyon

McLeod

Mahnomen

Marshall

Martin

Meeker

Mille Lacs

Morrison

Mower

Murray

Nicollet

Nobles

Norman

Olmsted

Otter Tail

Pennington

Pine

Pipestone

Polk

Pope

Ramsey

Red Lake

Redwood

Renville

Rice

Rock

Roseau

St. Louis

Scott

Sherburne

Sibley

Stearns

Steele

Stevens

Swift

Todd

Traverse

Wabasha

Wadena

Waseca

Washington

Watonwan

Wilkin

Winona

Wright

Yellow Medicine

Adams

Alcorn

Amite

Attala

Benton

Bolivar

Calhoun

Carroll

Chickasaw

Choctaw

Claiborne Clarke

Clay

Coahoma

Copiah

Covington

DeSoto

Forrest

Franklin

George

Greene

Grenada

Hancock
Harrison

Hinds

HolmesHumphreys

Issaquena

Itawamba

Jackson

Jasper

Jefferson

Jefferson Davis
Jones

Kemper

Lafayette

Lamar

Lauderdale

Lawrence

Leake

Lee

Leflore

Lincoln

Lowndes

Madison

Marion

Marshall

Monroe

Montgomery

Neshoba

Newton

Noxubee

Oktibbeha

Panola

Pearl River

PerryPike

Pontotoc

Prentiss

Quitman

Rankin

Scott

Sharkey

Simpson

Smith

Stone

Sunflower

Tallahatchie

Tate

Tippah
Tishomingo

Tunica

Union

Walthall

Warren

Washington

Wayne

Webster

Wilkinson

Winston

Yalobusha

Yazoo

Adair

Andrew

Atchison

Audrain

Barry

Barton

Bates
Benton

Bollinger

Boone

Buchanan

Butler

Caldwell

Callaway

Camden

Cape Girardeau

Carroll

Carter

Cass

Cedar

Chariton

Christian

Clark

Clay

Clinton

Cole

Cooper

Crawford

Dade

Dallas

Daviess
DeKalb

Dent

Douglas

Dunklin

FranklinGasconade

Gentry

Greene

Grundy

Harrison

Henry

Hickory

Holt

Howard

Howell

Iron

Jackson

Jasper

Jefferson

Johnson

Knox

Laclede

Lafayette

Lawrence

Lewis

Lincoln

Linn
Livingston

McDonald

Macon

Madison

Maries

Marion

Mercer

Miller

Mississippi

Moniteau

Monroe

Montgomery

Morgan

New Madrid

Newton

Nodaway

Oregon

Osage

Ozark

Pemiscot

Perry

Pettis

Phelps

PikePlatte

Polk

Pulaski

Putnam

Ralls
Randolph

Ray

Reynolds

Ripley

St. Charles

St. Clair

Ste. Genevieve
St. Francois

St. Louis

Saline

SchuylerScotland

Scott
Shannon

Shelby

Stoddard

Stone

Sullivan

Taney

Texas

Vernon

Warren

Washington

Wayne

Webster

Worth

Wright

St. Louis

Beaverhead

Big Horn

Blaine

Broadwater

Carbon

Carter

Cascade

Chouteau

Custer

Daniels

Dawson

Deer Lodge

Fallon

Fergus

Flathead

Gallatin

Garfield

Glacier

Golden ValleyGranite

Hill

Jefferson

Judith Basin

Lake

Lewis and Clark

Liberty

Lincoln

McCone

Madison

Meagher

Mineral Missoula

Musselshell

Park

Petroleum

PhillipsPondera

Powder River

Powell
Prairie

Ravalli

Richland

Roosevelt

Rosebud

Sanders

Sheridan

Silver Bow

Stillwater
Sweet Grass

Teton

Toole

Treasure

Valley

Wheatland

Wibaux

Yellowstone

Yellowstone National

Adams

Antelope

ArthurBanner

Blaine

Boone

Box Butte

Boyd

Brown

Buffalo

Burt

Butler

Cass

Cedar

Chase

Cherry

Cheyenne

Clay

Colfax

Cuming

Custer

Dakota

Dawes

Dawson

Deuel

Dixon

Dodge

Douglas

Dundy

Fillmore

Franklin

Frontier

Furnas
Gage

Garden

Garfield

Gosper

Grant

Greeley

Hall
Hamilton
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