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Walks

length |s| of the walk s is the number

of lines 1t contains.
terminal b s=(j,h,l,g9,e, f,h,l,e c b, a)
vertex =
0 s| = 11

. DG R A walk is closed iff its initial and ter-
| % ' OF minal vertex coincide.
o : : L
@ ' If we don’t consider the direction of the
O~ ), - line§ in the walk we get a semiwalk or
l chain.
ko o trail — walk with all lines different
Jj ini;tial : path — walk with all vertices different

vertices different

cycle — closed walk with all internal
A graph is acyclic if it doesn’t contain any cycle.

N /
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Shortest paths

A shortest path from u to v 1s also

called a geodesic from wu to v. Its
length is denoted by d(u, v).

I there 1s no walk from w to v then
d(u,v) = oo.

d(j,a) = |(j, h,d, c,b,a)| =5
d(a,j) = o0

d(u,v) = max(d(u,v),d(v,u))
1s a distance:

d(v,v) =0, d(u,v) = d(v, u),
d(u,v) < d(u,t) + d(t, ).

The diameter of a graph equals to the distance between the most distant pair

of vertices: D = max,, yey d(u,v).

N /
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Shortest paths

rack alk bank nk WkN
ilK i link basAclink/Ichick
rice frate hale aleile ink —\bine T"wang~" line T bait /~ wast]” cline/~ chink/~ chic

Q\Q\i fwile ine ait chine chit

ile whine whit

white

\DICT28.
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Equivalence relations and Partitions

A relation R on V is an equivalence relation iff it is
reflexive Vv € V : v Rv, symmetric Yu,v € V : uRv = vRu, and
transitive Vu, v,z € V : uRz A zRv = uRwv.

Each equivalence relation determines a partition into equivalence classes

v] = {u : vRu}.

Each partition C determines an equivalence relation
uRv < dC e C:ueCAvell.

k-neighbors of v is the set of vertices on ’distance’ k from v, N*(v) =
{uev:dv,u) =k}

The set of all £-neighbors, £ = 0, 1, ... of v is a partition of V.
k-neighborhood of v, N¥) (v) = {u € v : d(v, u) < k}.

N /
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Motorola’s neighborhood

The thickness of edges 1s a square root of its value.

N /

ECPR Summer School, Ljubljana, July 30 — August 16, 2008




V. Batagelj: Network Analysis / Structure of Networks 2 6

4 N

Connectivity

strong

b i )
_—_ component Vertex u 1s reachable from vertex v iff
\ there exists a walk with initial vertex v
O g and terminal vertex wu.
Vertex v 1s weakly connected with ver-
tex u 1ff there exists a semiwalk with v

and u as its end-vertices.

Vertex v is strongly connected with ver-

Oi tex u 1ff they are mutually reachable.

j \weak /

component

Weak and strong connectivity are equivalence relations.

Equivalence classes induce weak/strong components.

N /
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Weak components

Reordering the vertices of network
such that the vertices from the same
class of weak partition are put to-
gether we get a matrix representa-
tion consisting of diagonal blocks —
weak components.

Most problems can be solved sepa-
rately on each component and after-
ward these solutions combined into
final solution.

N /
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Special graphs — bipartite, tree

A graph G = (V, L) is bipartite iff its set of vertices ) can be partitioned
into two sets V; and Vs such that every line from £ has one end-vertex in
)); and the other in Vs.

A weakly connected graph G is a tree iff it doesn’t contain loops and
semicycles of length at least 3.

N /
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/ Reduction (condensation) \
kO
1l
abed

ehjl oi

If we shrink every strong component of a given graph into a vertex, delete
all loops and i1dentify parallel arcs the obtained reduced graph is acyclic.

For every acyclic graph an ordering / level function ¢ : )V — N exists s.t.

(u,v) € A=i(u) <i(v).
N /

4P HOP ## &« X
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Reduction — Example

Net / Components / Strong [1]

Operations / Shrink Network / Partition [1][0]

Net / Transform / Remove / Loops [yes]

Net / Partitions / Depth / Acyclic

Partition / Make Permutation

Permutation / Inverse

select partition [Strong Components]

Operations / Functional Composition / Partition*Permutation
Partition / Make Permutation

select [original network]

File / Network / Export Matrix to EPS / Using Permutation

. ()
h l{l
2 o N
\\\\4i///// Z 8
A ° B
P d
g
® L n
@ @ o € . | @m 2 o Tl o | x
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N

/ ... Internal structure of strong components \

Let d be the largest common divisor of lengths of
closed walks in a strong component.

The component is said to be simple, iff d = 1;
otherwise it is periodical with a period d.

The set of vertices V of strongly connected di-
rected graph G = (V, R) can be partitioned into
d clusters Vi, Vo, ..., Vg4, s.t. for every arc
(w,v) € Rholds u € V; = v € Viimod d)+1 -

/
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N

... internal structure of strong components

Bonhoure’s periodical graph. Pajek data

~
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/

.- Tendrils-..
" 44 Milion nodes ‘

IN
- ——

44 Million nodes

Disconnected components

Kumar &: The Web as a graph

N

L

Bow-tie structure of the Web graph

Let S be the largest strong component
in network A; W the weak compo-
nent containing S; Z the set of ver-
tices from which & can be reached; O
the set of vertices reachable from S;
T (tubes) set of vertices (not in &) on
paths fromZ to O; R = W\ (ZUSU
O UT) (tendrils); and D = V \ W.
The partition

{Z,5,0,7,R,D}

is called the bow-tie partition of V.

ECPR Summer School, Ljubljana, July 30 — August 16, 2008
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/ Cuts \

The standard approach to find interesting groups inside a network was based

on properties/weights — they can be measured or computed from network
structure (for example Kleinberg’s hubs and authorities).

The vertex-cut of a network N' = (V, L, p), p: V — R, at selected level ¢
is a subnetwork N (t) = (V', L(V’), p), determined by the set

Vi={veV:p) >t}

and L(V') is the set of lines from L that have both endpoints in V.

The line-cut of a network N' = (V, L, w), w : L — R, at selected level ¢ is
a subnetwork NV (t) = (V(L'), L, w), determined by the set

L' ={ee L :w(e) >t}

kand V(L) is the set of all endpoints of the lines from L’. /
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(reen — commerce. Two companies are linked with an edge if they have announced a joint venture, strategic alliance or other partnership.

[
Vertex-cut: Krebs Internet Industries, core=6
o * ., °
o ®
O. ) '. o
(] ® . @ ¢ » ) °
o ® [ ) o ®
o %0 %00,
® o o i °
e o )
N c/ 8 o @ o o °
(]
N ® « ® 000e°,0 , o ¢
Q9 @ . .
® ® .
Lucent
O O 'O. . . . . . . . . .. . .CommerceOne
[ ] ’ . o] . . . OUPS
o o
® ® o O (] . ® . o © ® .SAP
b O . 8 . .Motorola .CIBER
Q@ . o . . S ) .Yahoo! .E Ora'Peoplesoft
' ® (] I’Sun
@ O . . . . o @ ® .FoundryNetwo ED‘ e ‘ebMethods
® ® ® (] bt ® ® .5 .sieb:bsm piphany
[
[ ] if . . . . .AT&T ’@ xocgo,\:nc)’mle' X
@) .KP & ‘/lgnette
] ® ° ® ®
® . ' . ® CacheFlow.
° @ ' ® ¢ b o . .Loudcluud
[ J / 4 O . O .. ® .RealNetworks COWDeII Redriat
o
[} . .. .O O .Akama\' .Ink(oml.MSFT
b [ ] .AOL
Each vertex represents a company that competes in the Internet industry, 1998 do 2001. n = 219, m = 631. red — content, blue — infrastructure,

~

/
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Line-cut: Krebs Internet Industries, ws
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N

Line-cut in EAT

File/Network/read eatRS.net
Info/Network/Line values ... >= 70
Net/Transform/Remove/Lines with Value/lower than 70
Net /Partitions/Degree/All
Operations/Extract from Network/Partition 1—*
Net /Components/Weak
Draw/Draw—-Partition
ARMY o Gop @ruwes Osuer  Ovok  @OQUENcH (O PacFic @ HErs @ GOOD () HOMEWARD t HELP @ HIM
SN SUSNES SRR SN ST SN SURNE SRV SPT SUNNET JRURNENS SUNNEY
@ AQUAINTANCE t WesT (O PussY (D) MORSE ? MONEY ? ANSWER t LovE @ WNDSOR @ EITHER t cHocoLATE (D RICH @ BOY
SRR U VR P ST S SN SR S SRR I
@one  © Moo ? EVE ' TREASURE ? VEIN (O cRAVAT ? TIDY ? pocs NOAH @ TRAFALGAR @ HE O sTARK ' wiFE
PINS DOWN t NOSE (O RESERVOR @ SHOVE @ WRONG @ HONG @ CORE @ MEN (O HATTER @ MEEK IcE @ ADHERE
g NEEDLES O uP © NOSTRILS $ WATER 1 PUSH t RIGHT t KONG g APPLE 1 WOMEN $ MAD 1 MILD O RINK $ STICK
t FIsH @ covs ? NECK ; RAVE g PONG NO O HoLSTER ? ANSWERS @ NOOK @ EVERREADY () COMPREHEND @ UNTRUTH
? FooD YELLOW @ Lose t OFTEN t ULCER O siL O sicsaw t TRIANGLE
© NOURISHMENT @ JAUNDICE 6 EAR @ FREQUENTLY © DUODENAL $ WINDOW $ PUZZLE @ ISOSCELES
@ VeHicLe O TRansFusion () FLock (D) EDAM @ siacey O THANK @ WEARY O Fr @ LoaF (O CRUSTS
' MOTOR O ponor () FLOcKS () CHEDDAR @ BARKING $ VE @ ratcued (O ELM O LoavEs
@ ouTEOARD
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Simple analysis using cuts

We look at the components of A/ (t).

Their number and sizes depend on ¢. Usually there are many small
components. Often we consider only components of size at least k£ and
not exceeding K. The components of size smaller than k£ are discarded as
‘noninteresting’; and the components of size larger than K are cut again at
some higher level.

The values of thresholds ¢, £ and K are determined by inspecting the
distribution of vertex/arc-values and the distribution of component sizes
and considering additional knowledge on the nature of network or goals of

analysis.

We developed some new and efficiently computable properties/weights.

o /
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-\V19-P201

SELMO-ME-1995-V67-P1 |

00

] O
RSSELMO-ME-1995-V15-P5249

O O O
GLUCK-MA-1997-V48-P48T

ASHBY-FG-1999-V6-P363

N

Citation weights

~

The citation network analysis
started in 1964 with the paper of
Garfield et al. In 1989 Hummon
and Doreian proposed three
indices — weights of arcs that are
proportional to the number of
different source-sink paths passing
through the arc. We developed
algorithms to efficiently compute
these indices.

Main subnetwork (arc cut at level
0.007) of the SOM (selforganizing
maps) citation network (4470 ver-
tices, 12731 arcs).

See paper.

/
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Biconnectivity

Vertices u and v are biconnected 1ff they are connected (in both directions)
by two independent (no common internal vertex) paths.

Biconnectivity determines a partition of the set of lines.

A vertex 1s an articulation vertex iff its deletion increases the number of
weak components in a graph.

A line is a bridge iff its deletion increases the number of weak components
in a graph.

N /
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/

k-connectivity

Whitney’s inequality: x(G) < A(G) < (G) .

AG) > k.

(semi)walks.

N

Vertex connectivity k of graph G is equal to the smallest number of vertices
that, if deleted, induce a disconnected graph or the trivial graph K.

Line connectivity A of graph G is equal to the smallest number of lines that,
if deleted, induce a disconnected graph or the trivial graph K.

Graph G is (vertex) k—connected, if xK(G) > k and is line k—connected, if

Whitney / Menger theorem: Graph G is vertex/line k—connected iff every
pair of vertices can be connected with k£ vertex/line internally disjoint

~

/
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Triangular and short cycle connectivities

In an undirected graph we call a rriangle a subgraph isomorphic to K.

A sequence (11,15, ...,Ts) of triangles of G (vertex) triangularly connects
vertices u,v € Viff u € Ty andv € T, oru € T, and v € T}

and V(T;_1) N V(T;) # 0,i = 2,...s. It edge triangularly connects
vertices u,v € V iff a stronger version of the second condition holds
ETi—1)NET;) #£0,i=2,...s.

VAAG v

Vertex triangular connectivity 1s an equivalence on V; and edge triangular

/
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http://arxiv.org/PS_cache/cs/pdf/0308/0308011.pdf

V. Batagelj: Network Analysis / Structure of Networks 2

/

Triangular network

R Let G be a simple undirected graph. A triangular net-
O work Np(G) = (V,Er,w) determined by G is a sub-
graph G = (V, Er) of G which set of edges Er con-
o sists of all triangular edges of £(G). For e € & the
weight w(e) equals to the number of different trian-

- gles in G to which e belongs.

Triangular networks can be used to efficiently identify dense clique-like
parts of a graph. If an edge e belongs to a k-clique in G then w(e) > k —

N

i

/

23
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‘WORMALD, NICHOLAS C. ® ASKAR, RENU C. CSHELAH, SAHARON

Q(LEITMAN, DANIEL J.

OFAUDREE, RALPH J. e

COLBOURN, CHARLES J.

OJACOBSON, MICHAEL S.

.PHELPS, KEVIN T.

=

Edge-cut at level 16 of triangular network of Erdos
collaboration graph

OMCKAY, BRENDAN D. .HEDETNIEMI, STEPHEN T. OMAGIDOR, MENACHEM

CEHUNG, FAN RONG K. O
Ceaxs\vichaEL E. GRAHAM, RONALD L.
CARONOV, BORIS
CLINIAL, NATHAN ACH, JANOS
ChOLLACK, RICHARD M. a,
ot o ENNING, MICHAEL A.
RANKL, PETER (5 SPENCER, JOEL H.
RO HOGH OELLERMANN, ORTRUD R.
OVASZ, LASZLO o
OMLOS, JANOS .
CEUREDI, ZOLTAN o SGPPARR, WAYNE D
Chapal, L a0 TUZA ZS0LT ) ALAVI, YOUSEF
SZEME(I)?BEDI, ENDRE o CHARTRAND, GARY
ARARY, FRA
O ficLSBAS, BELA ' UBICKI, GRZEGOR
SXYKLOS CSCHWENK, ALLEN JOHN ~
“RoDL, VOITECH
CNESETRIL, JAROSLAV @:0sA, ALEXANDER
CGYAREAS, ANDRAS
q SSHE'-P' RICHARD H. @5 1INSON, DOUGLAS ROBERT
EHEL, JENO CHEN, GUANTAO

q\IIULLIN, RONALD C.

without Erdos,
n = 6926,
m = 11343
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If the graph G is mixed we replace edges with pairs of opposite arcs. In

Triangular connectivity in directed graphs

the following let G = (V, . A) be a simple directed graph without loops.
For a selected arc (u,v) € A there are only two different types of directed
triangles: cyclic and transitive.

z z

cyc tra

For each type we get the corresponding triangular network N, and M.

The notion of triangular connectivity can be extended to the notion of short

\(Semi ) cycle connectivity. /
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Arc-cut at level 11 of transitive triangular network of

ODLIS dictionary

/Oserial

publication

American Library Directory
transaction log

iadical
uggestion|box

review

f frequency

issue

series

Library Literature colophon

fiction
bibliographic record o /Oabstract
editor
title
invoice table of contents /TOC M
parts of a booR endpaper copyright
O front matter collation
publisher

folio

cover

page
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